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2.5 Impact of Fourier.
The impact of Fourier’s general assertion was not confined within applied mathematics. As
we see below, it almost dictated Modern Mathematics.

In essence, if f is piecewise smooth function which can be Fourier-expanded, then the
series can be termwisely differentiated to make the Fourier series for f’.
(1) Function concept had to be clarified. Fourier claimed that any function can be
expanded into Fourier series (—2.4, 2.6). In those days the idea of function was not very
clear. For example, there was a dispute between d’Alembert and Euler: Euler thought every
hand-drawable function is a respectable function, but d’Alembert thought only analytically
expressible functions are respectable. Therefore, to make sense out of Fourier’s claim, the
concept of function had to be clarified. Eventually, the modern concept of function as a map
culminated through the work of Cauchy and Dirichlet: if a value f(x) is uniquely specified
for a given value of the independent variable z, then f is a respectable function. Then,
inevitably, many strange functions began to be found. Now, we know many examples such
as fractal curves.® Nowhere continuous functions were also found. A famous example is the
Dirichlet function: D(x) = 1 if x is rational, and 0 otherwise.

8 B. B. Mandelbrot, The Fractal Geometry of Nature (Freeman, 1985).
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(2) Convergence condition. The convergence condition of infinite series had to be con-
sidered. This spurred Cauchy to construct his theory of convergence.

(3) Concept of integration had to be sharpened. Fourier proposed an integral for-
mula for the Fourier coefficients. However, if a function f is not continuous, then it was not
clear how to interpret the integral. To clarify this point, Riemann invented the concept of
Riemann integration with clear integrability condition (in 1853).

(4) Set theory became necessary. Cantor found that even if the values of the function
at infinitely many points were unknown, still the Fourier series was determined uniquely.
He studied very carefully how large ‘sets’ of points could be removed without affecting the
Fourier coefficients. Soon he had to characterize these collections of points. The first surprise
he found was that infinity of the totality of real numbers and that of rational numbers are
distinct.? To organize his theory of infinity, Cantor attempted to introduce the concept of
‘set.” However, many antinomies (‘paradoxes’) were found.!°

(5) Securing foundation required axiomatic set theory. Eventually, to secure the
foundation of set theory a set of axioms!! were introduced by Zermelo.!? Hence, the cur-
rently most popular axiomatic system of mathematics (ZFC) is under almost the direct
impact of Fourier’s idea.

(6) Further sharpening of integration concept was required. According to Cantor
the area of D(z) for x € [0,1] must be zero, but we cannot make any sense out of the
Riemann integral of the Dirichlet function D. A more powerful integral was needed, which
was eventually provided by Lebesgue as the Lebesgue integration.

Discussion.
The reader must know and be able to explain to her lay friend the argument showing that @ is countable,
but [0,1] is not. Also she must be able to explain why [0,1]™ for any n € IN has the same density as [0, 1]

(i.e., there is a one-to-one correspondence between any dimensional cube and the interval [0, 1].

2.6 Who was Fourier?!3

Jean Baptiste Joseph Fourier was born on March 21, 1768 in Auxerre in the province of

9 Cantor’s first important result (December, 1873).

10 Perhaps the most famous antinomy is the Russel paradox (1902). The Russel paradox is as follows. ‘Sets’
can be classified into two classes: ‘sets’ which contain themselves as their elements (z € z) and ‘sets’ which
do not contain themselves (z ¢ x). Make the ‘set’ Z of all the ‘sets’ x such that v € 1 Z={z: z € z}. Is
Zin Zornot? If Z¢ Z,then Z € Z, but if Z € Z, then Z ¢ Z, a paradox.

1Y N. Moschovakis, Notes on Set Theory (Springer, 1994) and J. Winfried and M Weese, Discovering
Modern Set Theory I. the basics (AMS, 1996) are recommended. P. Maddy, Realism in Mathematics (Oxford,
1990) may be used to understand the background of axiomatic set theories.

12 Ernst Friedrichs Ferdinand Zermelo, 1871-1953. For physicists, Zermelo is famous for his discussion
against Boltzmann: the ‘Riickkehreinwand.” He was an assistant of Planck in those days and was against
atomism (as his boss was). See G. H. Moore, Zermelo’s Aziom of Choice, its origins, development, and
influence (Springer, 1982). Perhaps this is more entertaining than many novels.

13 This is based on Grattan-Guinness’s book cited below and on Section 92-3 of T. W. Kérner, Fourier
Analysis (Cambridge, 1990), which is probably the best introductory book of Fourier analysis for those who
can appreciate right mathematical taste.
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Yvonne, the nineteenth (and not the last) child of a master tailor, Joseph Fourier. Although
he became an orphan at the age of nine, his brilliance gained him a free place at the local
Benedictine school. He discovered mathematics around the age of thirteen and gave it all
his spare time. Legendre was a school inspector who supported Fourier’s ambition to pur-
sue a military career, but he was turned down so he entered the Benedictine abbey of St.
Benoit-sur-Loire as a novice in 1787. Although his study continued and he could submit a
paper to the Academy in 1789, the Revolution began. He took the opportunity to relinquish
his novitiate, and returned to Auxerre to be a teacher of his old school. He built a fine rep-
utation as a lecturer of mathematics, rhetoric, philosophy and history. He joined the local
Jacobin party, but he worked hard for the protection of victims of tyranny. His outspoken
criticism of corruption of his fellow officials led to the issue of a decree in 1794 demanding his
arrest and summary guillotining; this was his baptism into real politics. Despite the public
outcry against his arrest, he was arrested and imprisoned. His release was somehow grudg-
ingly agreed by St. Just, when Robespierre was arrested and executed on July 28, 1794, and
Fourier was released anyway on a general amnesty. After much more turmoil (being arrested,
released, rearrested, etc.) he eventually succeeded Lagrange in the Chair of Analysis and
Mechanics at Ecole Polytechnique, when he was ordered to join Napoleon’s invasion of Egypt
(May, 1798). His first paper was published in 1798 (On analytical mechanics) and he worked
on a theorem about the roots of polynomials (extending Descartes’ rule). He was appointed
secrétair perpétuel of L’Institut d’Egypt in Cairo in August 1799; he was the leader of a
scientific expedition in Upper Egypt in 1799 to investigate monuments and inscriptions.

He returned to France in mid November of 1801 when the French expedition surren-
dered to the British; he organized much of the departure. He wished to teach again at Ecole
Polytechnique and acutally gave a few lectures, but Napoleon did not wish his talent to be
wasted. He was appointed the Prefect around Grenoble in February 1802. During his 14
year tenure, he drained twenty thousand acres of swamp around Bourgoin (visiting person-
ally almost every household in the area to explain the advantages of the scheme!), which
resulted in major economic and health benefits. He also made a new road across the Alps
(shortest from Lyon to Trino; present Route N91; among all his prefectural assignments this
gave him the greatest satisfaction). Meanwhile he helped the making of the Description
of Egypt and made an epoch in Egyptology (actually, to make a record of the discoveries
of the expedition was proposed by himself; these volumes laid the foundations of modern
Egyptology). At a personal level he encouraged Champollion and as Prefect protected his
protege from conscription.

While being Prefect, he studied heat diffusion problem and developed his new approach;
he never described how or when he came to study the problem. He seems to have started his
research around 1802, but seems to have not yet found his new approach by the latter half
of 1804. In three remarkable years he found the diffusion equation (—1.6), developed new
methods to solve them, and applied them to support his solutions. He forsook his prefectural
duties between September 1807 and February 1808, and must have used this opportunity to
write up his result (the main reason for this leave should have been to extend his Egypto-
logical research).
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In 1807 (December, 21) he presented his work to the Academy, but was rejected (the
committee consisted of Lagrange, Laplace, Monge, and Lacroix; Fourier was Monge’s protégé;
Laplace and Lacroix were in favor, but Lagrange was adamant in his rejection especially of

14 He submitted papers to meet criticisms in 1808 and 1809. The Academy

the ‘series.”)
proposed a prize problem on heat diffusion (for January 6, 1812; entry by October 1, 1811),
to which Fourier submitted a considerably revised and extended version of his 1807 paper in
1811 (the most notable extension was the introduction of Fourier transformation —77?). He
won the grand prize; Laplace may have been trying to force approval of the paper past the
objections of Lagrange, who did not withdraw his objections; Fourier felt it to be personal.

Here, we should understand why the heat diffusion problem was regarded as an usolved
problem of his time.!®> The major stumbling block seems to have been Newton’s law of
cooling (—7?7?) (at distance). Biot (of the Biot-Savart law) studied the cooling of a thin rod
with heat conduction. The rod loses heat to the ambient space (at 0 temperature) according
to Newton’s cooling law. Biot reasoned as follows: the external loss of heat from a point is,
according to Newton —hT', where h is the external coefficient of conductivity, and T is the
temperature. The heat gained by the point is the difference of two temperature differences
on the left and right, so Kd*T, where K is the internal heat conductivity. In the steady
state Kd*T — hT = 0. Biot must have found it impossible to find the missing dz’s. Biot
sent his paper to Fourier in 1804. Unlike Biot Fourier took a genuinely continuous view of
diffusion as flow through the rod. Thus the external loss should be —hT'dx and the internal
conduction result is Kd?T. Still there is a mismatch. Fourier argued in his 1805 draft that
K should be replaced by K/dx because the facility of conduction increased as the width
of the sections decreased. With this ad hoc argument he produced a consistent relation
Kd?T/dx® — hT = 0. The next is the non-stationary problem. He correctly reasoned to
obtain

aT o0*T
— =K— —hT. 2.13
ot Ox? (2.13)
Straightforwardly extending this argument, he obtained the equation for a solid:
T
?’“)t = KAT — hT. (2.14)

However, by the time of the 1807 paper he realized that the term —hT had to be removed,
that was there due to a careless mistake (the surface effect should not affect the bulk); Fourier
realized that the surface equation and the bulk equation had to be handled separately.
Eventually he published an enlarged version in the form of a book Theorie analytique de
la chaleurin 1822, which he started to write in 1813, but was dramatically disturbed by some
political turmoil (he published a summary of his future book in 1816, saying the publication
of the book is ready); Napoleon abdicated in 1814. Fourier was a prominent Bonapartist,
but he was protected by the local aristocracy due to the integrity of his conduct as a prefect.

14 This manuscript was published for the first time in 1972: 1. Grattan-Guinness, Joseph Fourier 1768-1830
(MIT Press).
15 This is a summary of Grattan-Guiness p84-86 and pl109-110.
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During the “Hundred Days” he resigned on June 1 from his new position as the prefect of
Rhéne, protesting the severity of the regime (especially the orders of Carnot, Sadi Carnot’s
father). He went to Paris hoping of resuming his academic life, but on June 18 the battle of
Waterloo ended the Napoleonic era. Under the Bourbon monarchy he had little chance of
employment or even recognition; this was the lowest point of his life.

After this he became the director of statistics bureau of Seine with a modest salary
and plenty of time for research in 1815. In May 1817 his election to be an academician was
secured by the navy minister Dubouchage (elected in 1818 . He was elected permanent
mathematics secretary of the Academy in 1823.17

Fourier had to face the rivalries with Cauchy and Poisson. For example, Cauchy pub-
lished in 1817 Fourier’s integral theorem

flz) = 72r/0 [/0 f(y) cosqy dy| cos qz dq (2.15)
with an excited tone of newly discovered work; when Fourier pointed out his priority, Cauchy
published an acknowledgement in the following year. Fourier seems to have kept as much
as possible out of the battle that raged between Poisson and Cauchy. Fourier’s ideas were
taken up by Dirichlet soon after.

Operator calculus was Fourier’s last major mathematical achievement. Let D = 0/0wx.
He found the solution to

%f:( D? —bD" + - )i (2.16)
as | oo -
U(ta) = o [ dy [ duf (e @t cos(u(a — y). (2.17)

He also announced in his Ezposé synoptique his interest in linear programming. He con-
tributed to the development of error analysis and gave an objective account of statistical
studies (against Laplace’s subjective interpretation of probability).

It should not be forgotten that Fourier’s unfulfilled projects were on the physical aspects
of heat. For example, he worked with Oersted on thermoelectric effect (a joint paper pub-
lished in 1823).'® For Fourier, heat was heat, and he did not join the people in Paris who

16 He lived from 1818 to 1829 in an apartment at 1 rue pavée St. André de Arts (now 15, rue Séguier) in
the center of Paris.

17 As a secretary he chose referees of the papers submitted to the Academy. In 1829 Galois sent in his
first paper on the resolution of equations, which Fourier sent to Cauchy. Cauchy misplaced it, so Galois sent
in the second paper in 1830, which disappeared at the time of Fourier’s death. Although Galois inquired
of its whereabout, the paper was lost; so he wrote the third paper which was returned by Poisson with
the assessment “unintelligible.” Six months later Galois was killed. In October 1826 Abel submitted a
masterpiece, which Fourier sent to Legendre and Cauchy: Cauchy took it but never looked at it. In this
case, Jacobi saw a reference to it in Abel’s later publications and asked Legendre for it, who returned
the paper to the Academy but was not published because its publication was raised to a France-Norway
governmental issue. Then the paper was lost to be found only in the 1950s.

18 However, he did not show any interest in Sadi Carnot’s panphlet on thermodynamics published in 1824.
He was not the only person indifferent; a chief reason seems that Carnot’s paper was regarded as another
obscure work on the caloric theory of heat that had fallen into disfavor by the time of Carnot’s paper.
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were interested in foundational questions of heat; he was a positivist in this respect; indeed
Auguste Comte, one of the founders of the modern positivism, took Fourier’s work on heat
diffusion to be the paradigm and dedicated his Cours de philosophie positive to Fourier.

He built up a circle of devotees such as Liouville, Sturm, Dirichlet (cf. 2.5(1), 1.12(2)),
and Navier.

His last five years were plagued by chronic rheumatism; possibly he had also caught
malaria in Egypt. He suffered badly from insomnia and had to sleep in an almost upright
position. He conitued to work relentlessly despite all these conditions. He died on May 16,
1830 at his home in the rue d’Enfer. His funeral took place two days later at the Eglise St.
Jacques de Haut Pas. His last days were enriched by long discussions with young Champol-
lion fresh from Egypt, who died only two years later and was buried close to Fourier in the
cemetery of St. Pere Lachaise on the outskirts of Paris. Fourier should have chosen his rest-
ing place long before he died; for nearby lies his beloved master, Monge (of Monge-Ampere).

2.7 GreenJ O OO 1828 [1.
000000000000000046,00000Y 00000 fO0000O000O0OO0
O0Od0ooOoooood

f=> f(z)d,. (2.18)

000 0000000000000 000000DO000D000Qu=f0O00000O0O0O
0000000000 Qu=4,0000000000000000Green000O00 GO0
000000 Riemann O GreenO O (Green’s function) 0 0 000000000000

u=>y f(x)G,, (2.19)

oooo

2.8 Who was Green??

George Green was born in June 1793 in the village of Saxondale six miles from Nottingham.
He became a pupil of a secondary school in 1801 where he studied until the summer of 1802.
A 27 year old teacher, Robert Goodacre, was able to interest George in mathematics and
natural science. However, his father’s baker business flourished, so he had to be his father’s
assistant. Thus he had to educate himself: he learned Laplace’s Analytical Mechanics, the
work of Lagrange, and also a complete collection of Proceedings of the Royal Society was
available. He also learned Coulomb and Poisson.

¥s5000000 9, =6(x—y)dy OO0ODODO
20 Yu. A. Lyubimov, “George Green: his life and works (on the occasion of the bicentenary of his birthday),”
Physics-Uspekhi 37, 97-109 (1994).
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In 1826 a public subscription library was opened in Nottingham, which helped to pub-
lish his first, largest and most important scientific work “An Essay on the Application of
Mathematical Analysis to the Theories of Electricity and Magnetism” in 1828. The edition
was small and most of them were scattered among homes of his fellow subscribers. Thomson
(subsequently Lord Kelvin) managed to get three copies with much difficulty less than 20
years later.

In 1829, his father died, and in 1833 Green decided to enter Cambridge. In 1837 he
passed brilliantly the tripos and became a fourth wrangler, and on October 31, 1839 he was
elected Fellow of Gonville and Caius, his alma mater. However, his health failed, and he
died of influenza on May 31, 1841 in Sneiton (another village close to Nottingham).
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3 oogood

3.1 000.

f(z,y)) 000 D Cc R2OO0O0O0DO00O (a,b) € DOOOOOO0 f(z,0)0 2000
O0«00000000 f(z,y)O (e, ) 000020000 0DOO00OO (partially differentiable)
0000000000 f.(e,)000000000OODODOOODOD fODOO DO 20000
0000000 fulz,y) O

f(?lf—f—h,y)—f(l‘,y) af

x4 :1 :7:ax
folw,y) = lim Y g~ 0ot
000000000z = f(r,y) DOOOOO folz,y) O 02/0: 000000 fo(z,y) O f
0200000000 (partial derivative) 0000000 Of(z,y)/oy000000000O0

goo

3.2 00.
ooo f,0 f, 000000000 fO00000O0O0O0OCCOO

oog.
(1) 000000000000
(200 f,, 00O0O0DDODO fy=f,,0000000000O0OC f,0 f,,00000000000

zy(z? —y?)

f(xay): x2+y2

for (z,) # (0,0) (3.1)

000 f(0,0)=00000Mathematica DO OODOO0OO0OO0DO0OOOO

3.3 0000.
fO0z0t000000OO0O%0O

0% _ 200 _ 0, (3.2)

o~ o2

00000000000000 «c00000000 0000000 0ODODO0O000 (—1.4,
00000 o/ox0t0000 000000000000 OOOOOOOO (z,¢t) 00
(X, Y)OX =z+ct0 Y=2—ct0OO0O00000/0XOOODDODOOOOODOOO YOO
gbbbooogbbboooobob

0 X9 o 9 9

90" orax T owoy —ox oy (3.3)
agdd

9_0Xxo oo _ 0 0 (3.4)

ot ot ox otoy ‘ox oy '

2 0o00000000000000MO0000000000000000D0D0DOOO0O0D0D0000000
goo
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goo

o _1fo 90 ﬂ__l o_.,9 (3.5)
ox 2ot o[ oy — ot~ ‘oz '
000000000000000000000000000
8%y
Sy = (3.6)
00D dy/dY 0 YOOOODOODOOOOOOOD
(W
— =¢(Y). (3.7)

0000y 0 YOOOOOO XOOUOOOOOooOooooooooooo@B2)oooo
obooboobooboobooodg

Y(x,t) = F(x +ct) + Gz — ct), (3.8)

000 FO GOOOODODOOODOOOUO O0O0O0O0OF(z+cet)d0 —2000000 cO00O
gboooboooooobodgn

34 000000000 D’Alembert 00 .
(32) 00000000 ROODOOOO ¢t e (0,400) 000000000 u(z,0) = f(z)0
du(z,0)=g(x)00000000 f0C20 g0 C2 0000 0000

1 1 jrtet
ult.x) = S[f@+et) + fw—et) + oo [ gls)ds (3.9)
O00U0OoUoouoouog d’Alembertd 00O (d’Alembert’s formula) 00000 c?0000

guoodooooon
[00] (380000000000  FOGOOOUOOOUODOOO

F(x)+Gz) = f(x), (3.10)
cF'(z) —cG'(z) = g(x). (3.11

(3.11) 00
F(z) - G(x) = 1/ 9(¢)d¢ + const, (3.12)

000000000z O0O0O0O0OOOOODO(@311)0O (3.12)00 FO GOOOODOOOOO

% [ dg‘] (3.13)
% [ d{] (3.14)

000 (3.12) 000000000 2000000000000 O0ODOO0OOODO0OUOOO0ODOOOO

2ZemOom00D0D0DO0D0OO0O0O0OO0O0O0O0O0O0OOOOO
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ggd.
(A) d’Alembert 00 000000000000 Laplace 000000000 u(z,0) = f(z)d0,u(x,0) = g(z)
googoog
1 i Tty
u(ey) = 50+ in) + fa i) =5 [ gls)ds (315)
T—iy
0000000000000 000000000000000000D0O000O0O00D0O00O0O00n f(x) =
1/1+2>)00000000000000000000000000O0O0000O0O0O000O0OOO000O000

00 (0000oo0oooooood™

(B)JOOOOUOOOOOOD ROOUODOOOOOOOOOO
0% 9?
( - )u:Q(x,t) (3.16)

o 02
00000 u=f(z)08u=0000 (00 z+t000)0

ao.
(A)0000O000000O0U00O0O0O000O0 ROUODODOUOOOUOUDOOODUODOOUODOOUOOOt>0
000000000 (—?7)0
(B)0DO0DO0DOD
Pu

oo0oooooooooooono (—>5.10f0rA,|:||:| (5.21);DDDDDDDDDDDDDDDDDDDD):
F(lz| — ct) + F(|z| + ct)

u(z,t) = . (3.18)
||
(€)
(I)RDDDDDDDDDD (c:1)DDDDDDDDDDDDDDDDD
ur—o = cosh™ 2z, Oyus—o = cosh™? z tanh z. (3.19)
(2) ROOODOUOOOOO (e=1)0000000000O000OOOOO
up—p = 0, Opuli—o = Asechz. (3.20)
(3) 0000000000000 0LOO0O0O0ODO0O0OOOO00ODOOOOOOOOn
(D) 000000000
1) —
a—;—a—az:sinxcost. (3.21)
(2) 2
U U .

oboobOoboooooboooobooboooooboooobobooooobooooobOoboooOon
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35 000upbooooga.
0000000000o0ooOoo oo, Ljopooooo

& o7 =0, € (0,L), t € (0,00) (3.23)

BIE) CaxQ u=0, x , L), ,00). .
googo

u= f(x), (?;::g(x), fort =0, x €0, L] (3.24)

0000000 f0000000 ¢00000000000002=00002=L00
00000000 ¢t>00w=000000000000000000 (38)000000
t>00000 F(—ct)+G(ct) =0000 F(L—ct)+G(L+ct)=00000000000
D0F(z)=—-G(—2)0F(z+ L) = —-G(—z+ L)» 0000000000 3.400

ult,r) =5 [fa ety = S e+ [T glrac]. (3.25)

C J—x+ct

O00000OF(z)=F(x+20L)000000000000 FODODO2L,00000000O
gobobooogod

3.6 bogdon.
cdDioodboooboobuooboobon

oy o 0%

000 c=00000000 O0000O0O0ODO0O0ODLOODODODODOODOO0ODU0ODO0 X=2—ct
gbbogdgbbuoodbb cbez000Db0O000DOOOOO0DOOOOOLDbDOOOnOn

2B F(r) = —G(—2 +2L) = F(z +2L)0
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oobooboobooobooboo+«:o X oboobobooboobbooboooboooo
UboobO0Tr=¢«000b00o0bogn

oy 0%
or DaXZ’

000 3260)000000000:00200000 ¢c00000 (advected)DO0O0O00O0
goo

(3.27)

ood.

(A)DDDDDDDDDDX:x—vtDDDDDDDDDDDDDDDD
af  of
- — = F(x — vt 3.28
ot T~ Fle—vt) (3.28)

000 FOOOOOOOOOODOO
(B) OO (DU0OO0OD) Fishee 0000000 0D0O00O0DOOO0O0OO0ODOOOOUODOODDOOOOODO
oobooboobo0ooooboooooooooooobm

oy 9%

— =D— 1-1). 3.29

=D U1 — ) (329)
() D00.O0OO00ODOO0OO0ODOOoOoODOOO
(2) 0000000000000 (moving front) 0000000000000
30000000000 00O0O0DOO0O0ODOOOO0OOOOOOOOY? [DO0: (200000000

3
0000000000000 00000000000000000O000DO00ooooOO ]
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4 O0O00OoO0OOooOOoOoo

4.1 0O0.
f:D—-ROODODCR*0O0000DO000OOOOOODOOOOOOfA(P)OODOOO
00 POO0OO0OOOOOOOOOOOOOOOOOOOODOOOOOOD DOOOD (0O
gbbogdgbbodbbuotobbiudngbbooobbboobbboobbuooob
0000 s(>0)00000 OO0O0DOODOOOOOOOOOODO (gradient) snOd 00
000 s=00000000000000000000 gradf (cf.4.3)0000

00.000 gred(r~2) 000000

4.2 grad fOO0ODOO.

00000000000 gred fOO0000OO0OOOOO0O0OO (00O0,000000000
O0000)000oDO0o0oo00U0Uoooooo0U0UoooDooOoO0UoUoooDoooOd
00000000 owxyzO000000

_ (91 of of
gogd of of of
grad f = Lo —1—387/ + k@ (4.2)
googg

00.000 gred(fg)000000

4.3 ODO0.

(42)0 grad 00000000 fOOO00O0DOODOOOOOOOOOOOOOOOOOOO
0000000000 (—-22)VOUOOODOODO mablaD0O0OO0OOOO0OO0OODODOCOCOOO
00000delO000* 0000gred f=Vf0000000000VOOOOOOOO

oooooooooooooo
n 0
V= er—, 4.3
;kawk (4.3)

0000 2,00 kD00 e, 0O k-O00D0O0ODOOOOOOODOODO

000’ 00000000000000000000
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4.4 0O 0.

O00000000D000000000000000«000 DeRPOODOODOOO0OO
OO0 dSOO000DO0 pPODOODOOOPOODODOOOODODODODODOODOODO
VooOoOoodSOOO0O00oooOooooooO [dS|000o0mo0o0dduw-dS O
gbbuogobbodobboobbuoobbobboobbuoobbooobbooob
gboboboooobbooooboboon

S -u (4.4)
ov
oo vooobod goooobbbb oo oobobobbboooog PO
00000000 w000 (divergence) D 00O

divu = lim M.

4.5
[V|—0 V| (4.5)

ooogooovouoboobo pOO0OD0DbDOO0ODbOO0ODOODDbDOODbOODbOODOD
O0000 dive 00000 «0000000000000000 POOODOODOOODO
gboboboogoobbooagn

4.5 dioO00O00000O0O.
(4.5)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDVDDDDDD
goooooooodooooobooooooboboboboooon

Ou,  Ou, Ou,

divu = +

oxr Oy + 0z (4.6)

gooood

4.6 000 div
(46)000000000000000000000 div(—2.2)000000000000
00000000@3)0 460000

divu =V - -u (4.7)

gbobogoboboobobboobboobobobobobooobooobbbooobboon
bbOn0000000O0O0O00D0DOOO

O0. div(r/r) 000000
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4.7 O 0O.
«044000000000000000000000000000%2 000000000
00000 sgopobodobo0oooooooooogouoobooggoeosbogobooogoo
OO0bO0o00O0obO0o0ooO0obO0o0oDO0obOooboobobOoDobom@oShoobbOOoDOobDO
gooo

- dl 4.8
[ w-a, (1)

OO0 d00Doooboooooogooonon
00000000000 curledd 000000 rote 000000000000 w000 (curl)

oooo
-dl
n - curlu = lim 7f55’u d.
1s]—0 |5
0000000 pPOO0ODCOOOOOOOO0ODODOOOOODOODOOORDOODODOOOO
Oo00000000ooo00oooo00ooo0ooDoooooDoooooDoooOoo
ooo

(4.9)

4.8 DUgoggoooo.
(49)0 0000000000 ecwrl 0000000000000 OO0OOOOOO0O0O0O
oboobomm

Ou, Ou, Ou Ou, Ou ou
lu=|—-—--2 ———,———-—). 4.10
curtt <6y 0z’ 0z Oz’ Oy 0m> (4.10)
gooog
i j k
curlu=1{09, 0, 0, |=V xu. (4.11)
Uy Uy Uy
0oooooooooooooooouooooooooood
gogdooooobobbboooooooooooon
(curlu); = €;50jug, (4.12)

00000000 €60 €103 = 106, = sgn(ijk)0 000 sgn(ijk)000000000: O
00 (ijk)0 (123)00000000000000000000000000000 4100
0000000 -1%0 000000000000000000

(G,Xb)i:@jkajbk. (413)
ggoooooboooobooobooooooooobn

€ijk€abk = 0ia0jb — 0ip0jq (4.14)

% O0ooooo (Singlyconnected)DDDDD|:||:||:|DDDDDDDDDDDDDDDDDDDDDDDD

0000000000000000000
2600000 (213) = —1, and (312) = +10
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oooo?

oo.
(1) 00000 v= (222, —ay32%,2y?2) 00 000000000000000000
() 00000000

div(fv) = gradf- -v+ fdivv, (4.15)
curl(fv) = gradf x v+ feurlv. (4.16)
(3) 00000000
curl (p x 7/r?). (4.17)
(400000000
2
curl curlw = grad divu — Z %u (4.18)

gboboobOobooobooboobooboobooooobouobo 4110000

49 0J00o0oboobobboobooboobooboobobon.

00000000 wODu=grado0O0D0D0O0O0OO o0 0O0OO00O0OO0O0OOO0ODOOOO
000000000000 (potential field) 00000 ¢O000000O0O0 (potential) OO O
00000000 (dive=0)00 000000 (solenoidal field) 000000 (curlu = 0)
00 0000 (irrotational field) 0 0000 O

410 00D O0OoOuooooobooog.
0000000 (—1.2)A0000000O0O00O0OO

Af = divgrad f (4.19)

00000000 A=V?00000000000000 Af=0000 D0O0O0O0O0O0O f
O DOO0OOOOO0 (harmonic function) 000000000000 COOOO00OODOOO
000000000000 00000000000o0O0OO0 (-?2-27)0 000000000
obobbobooboobgooboobobbobooboobooboobobo

2 O0poo0o00000o0oooooooon
€ijk€abk = Aijabdij0ab + Aiajvdiadiv + Aivjadiblja,

gboboobobooooboboooobooboooobooboooooo
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411 00000000000000000.
000000000000000 curl curlu (—(4.18))

curl curl uw = grad divu — V?u (4.20)

oooboovobooooobobooooboboobobobooboboooboo
0000000000000 0000V?*u = (Au,,Au,Au,) 0000000000000
Oo0O00O0 ODooooOOOObOO0o0ooooooDOOObObO0O00O0D OO0 AvwDOOO
000o0ooo

Au = grad divu — curl curl . (4.21)

4.12 00 [Gauss-Stokes-Green0 0 0]. 0000000000 (—4.4,4.7)%

(1) Gauss O O O

u-dS:/ divudr, (4.22)
oV \4

Ooooviooooooobob er0boboboobooogon
(2) Stokes 0 O O

u-dl = / curlw - dS, (4.23)
s S

oooosSuooooobobobooboooobooboon
(3) 0000000 StokesDO OO GreenD OO DODODO

ou Ov
+ = —_ 4 — 4.24
/a (udz + vdy) / < » m) dxdy, ( )

000w UOo0 20 yOOO0O0O0O0D0OOOO0OO0

oog.3o

X O0OoO00000000O0O0ev,eS000ep 000000 DNDO0ODDOOOOO CtooOoa
29 George Gabriel Stokes, 1819-1903.
0 0p0D0,0000000000 (00 1995), p9s.
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(4)
(1) S={(z,y,2) |42* +¢y* +2=1, =3< 2z} 00 v(z,y,2) = Bay+ Ty+,y,2+3) 0000 [v-dSOD
good

(2) S={(z,y,2) |2* + 4> +42° =4,0< 2} OO0 wv(x,y,2) = (e¥,2,2*) 0000 [qv-dSO00000O

(B) Green 0 00 (4.24) 000000,

4.13 Poincaré 0 0 O .0 Poincaré’s lemmal] 3!

1) div curlA = 0,

2) curl grad ¢ = 0.

[0D0]VD RROODDOODO0OO0DO000000AVODNOD0D000000/YV =¢0000000 Gauss-
Stokes-Green 00 0O (—4.12) 0000

/ dr divecurl A = curl A -dS = A-de=0. (4.25)
v % 92V

(2)00000000000000D0 SOU0U0OOStokesOOOO0ODOOOOODOO:

/ curlgrad ¢ - dS = / grad¢ - de = 0. (4.26)
S S

4.14 DO0O0O.

Notice that these relations are due to the topologically trivial fact that the boundary of a
boundary is an empty set (9?V = (). These are examples of the general formula d*w = 0,
where w is a differential form. 1. M. Singer and J. A. Thorpe, Lecture Notes on Elementary
Topology and Geometry (Scott, Foresman and Company, 1967) is strongly recommended. B.
Schutz, Geometrical Methods of Mathematical Physics (Cambridge UP, 1980) is less mod-
ern, but may still be good for physicists who are not interested in elegance and depth of
mathematical ideas. The Gauss-Stokes-Green theorem has the following unified expression

/M dw = /aM w, (4.27)

where M is an orientable n-manifold (which must be sufficiently smooth), and w is a differ-
ential form. Notice that this is a natural extension of the fundamental theorem of calculus:

d =10~ @) (= [ ). (4.28)
[a,] [a], 0]
Poincaré’s lemma d?w = 0 follows from 0?M = (. d and O are, in a certain sense, dual
(Good symbols reveal deep relations. This duality is the duality between cohomology and
homology. The references cited above will tell the reader about this a bit.).

31 Henri Poincaré, 1854-1912.
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Poincaré 00 OO 0O.
0000 FO OOOOOOOQOQOOOOOOOOD (D000 curl F=0)0000
grad

oUO00000DO0ODOO oODOODO
000000 FOOOODOOOOOOOOODODOOOODODOO (DOO0divF=0)0

F:curlADDDDDDDDDDDDDDDDD (vector potential) 0 0 00O O
O00000ooooo)

O
A)DO00000OO0O0O0O00OO0U0OO0oOOoUOOoOOoo
1) 00000000000 00000000000o00o00o000oo0oooooooooon

v = (e¥ —xzcos(zz),0,zcos(zz)). (4.29)
(2) 0000000000000 0O0O00OUOOO0OO0O0OUOOO0OODOOOUODOOOOO
v = (y? sin 2, 22y sin 2, xy* cos 2). (4.30)

(3)000000000000000000000000000000w = (—y/(2%+y?),z/(2%+y?),0).
(4v=f(r)r000000000000

4.16 DO ooooag.

(1) gradA-B=(B-V)A+(A-V)B+ B x curl A+ A x curl B.
(2) div(Ax B)=curl A-B — curl B - A.

(3) curl(A x B) = (divB)A — (divA)B+ (B-V)A—-(A-V)B
O000AOOOO0O0O000 cwrl(Axr/2)=A0000

(4) (C-V)(AxB)=Ax(C-V)B—-Bx (C-V)A.

(5) C - grad(A B)=A-(C-V)B+B-(C-V)A.

(6) div(grad f x gradg) = 0.

oo.

oboooooboooogo
curl(Axr/2)=A0 ADUO0O0OO0OO0O0OO0O0OO0O0OO0O0OODOOOOOOUOOOOOOOO
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o oot

51 00000,000000.
D000000D0000000000000000000000 (¢4,¢%¢)0000000
0000000000000000000000 24,2%2°0 ¢, ¢3¢ 0000320000
00 (¢ +dg',¢* +de*, ¢ +d¢®) 0 (¢*,¢*¢)0000000000000000000OO0
0000000000ds000000000000000

ds® = Zgijdqidqj, (5.1)
,J
oo -
0z" Ox
= iy 5.2
9ij ; aqz aq] ( )

0000000 (metric tensor) 000000

5.2 Riemann 0O 00O .
The Riemann geometry (—5.3) is the geometry determined by the metric tensor. M. Spi-
vac, Comprehensive Introduction to Differential Geometry (Publish or Perish, Inc., Berkeley,
1979), vol. II, Chapter 4 contains Riemann’s epoch-making inaugural lecture (English trans-
lation) with a detailed mathematical paraphrase of the lecture, “What did Riemann say?”.
According to Dedekind,** Gauss (—?7?) sat at the lecture which surpassed all his expecta-
tions, in the greatest astonishment, and on the way back from the faculty meeting he spoke
to Wilhelm Weber (Riemann'‘s lifelong patron), with the greatest appreciation, and with an
excitement rare for him, about the depth of the idea presented by Riemann.

Read for a nice introduction to Riemann geometry an overview by Kazdan in Bull.
Amer. Math. Soc. 33, 339 (1996).

5.3 Who was Riemann?3!

Georg Friedrich Bernhard Riemann was born on September 17, 1826 in a small village on the
Elbe near Liineburg. He was the second of six children of a poor pastor. He was educated
by his father before he entered the gymnasium. When he was fourteen, he lived with his
grandmother in Hanover and entered the third grade of the gymnasium there. After his
grandmother died, he transferred to the second grade of a gymnasium in Liineburg in April,
1842. The principal of the school recognized his mathematical genius and lent his math
books. Riemann always returned the books within a couple of days, so the principal was
surprised but found that Rieman understood them. He became familiar with Euler’s work
in those days.

3200004¢Y¢%,¢*00000 24,22,2°00000000
33 Julius Wilhelm Richard Dedekind, 1831-1916.
34 Mainly based on K. Kobori, Great Mathematicians of the 19th Century (Kobundon, 1940).
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He entered University of Gottingen in April, 1846 as a Linguistics and Theology major to
get a job as quickly as possible to support his parents and siblings. He also attended Gauss’
lectures on the least square method. His desire to study mathematics became irrepressible,
and he finally asked for his father’s permission to switch his major. In those days Gauss
was about 70, and gave only a few applied mathematics courses, so he was disappointed and
moved to the University of Berlin in 1847.

In Berlin, Jacobi (algebra and analytical mechanics), Dirichlet (number theory, integra-
tion theory, PDE), Steiner, and other professors gave lectures on their new results. Dirichlet
aimed at logical rigor and avoided calculations as much as possible. This style met Rie-
mann’s taste.

In the spring of 1849, he returned to Gottingen, and was attracted to Weber’s exper-
imental physics course. Weber recognized his genius and became his patron. Riemann did
not get any direct instruction from Gauss, but was strongly influenced by the atmosphere
created by the great mathematician. For example, Riemann accepted the idea of ‘ether’
which Gauss also had.

In November 1851, he submitted his thesis entitled, The foundation of general theory
of functions of one complex variable. He defined holomorphic functions in terms of the
Cauchy-Riemann equation. The idea of conformal maps was also conceived. He also intro-
duced Riemann surfaces. Gauss praised the thesis: Mr. Riemann’s thesis clearly tells us that
his study is thorough, that he has a sharp brain, and that he has a magnificent and rich
creativity. From every point, the thesis is a precious accompishment and far surpasses the
standard of doctoral theses. When Riemann visited Gauss after the exam, Gauss told him
that he had similar thoughts, and that he had a similar aim.

He next started preparation for the Habilitation paper. He chose to study Fourier series
(—9), but this was not an easy task. Fortunately, Dirichlet visited Goéttingen, who checked
Riemann’s manuscript together, and “Professor Dirichlet gave me detailed suggestions with
kindness I could not imagine when I took into account the difference of our social statuses.
I pray Professor will remember me forever.” (from a letter to his father). He submitted his
paper, The expressibility of functions by trigonometric series, in December 1853. The Rie-
mann integration appeared for the first time in this paper (—2.5(3)). In those days he was
an assistant of Weber.

The famous Habilitations exam was held on June 10, 1854. He introduced (1) the con-
cept of manifold, (2) a new definition of distance through the quadratic form, and (3) the
concept of curvature.??

He became a lecturer in 1854. His first lecture was on PDE and its applications to
physics. He had eight students (“I am glad that I have so many students.” (from a letter to
his father)). In 1855, Dirichlet succeeded Gauss. Dirichlet made effort to make Riemann an
associate professor, but failed. He finished his study of elliptic functions which was started
in ca. 1851. His lecture on elliptic functions attracted only three participants including
Dedekind. He became an associate professor on January 9, 1857.

35 This is a generalization of Gauss’s curvature, but the new aspect was to write it in terms of the metric
tensor.
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In 1857 he completed “On the number of prime numbers less than a given number.” He

introduced the zeta function ~
C(S) - P E? (53)

and conjectured that all the zeros in the strip 0 < Res < 1 are on Re s = 1/2 (the Riemann
conjecture). With Dedekind, he is the founder of analytic number theory. Dirichlet died on
March 9, 1859. Riemann became a full professor on July 30, 1859. He got married on June 3,
1863 with his sister’s friend Elise Koch, but this was his last happy period. He became ill in
August. Weber persuaded the government to support his stay in Italy to recover his health.
He had a wonderful time in Italy, befriending Italian mathematicians, Betti, Beltrami, and
others.

His health never recovered fully, and in June 15, 1866, he went on his third Italian trip
to rest at Selasca on Lake Maggiore. He died there in July, 1866.

54 0000000,

00 (¢¢*¢>)0D0D0+0000000000+00000000000000DO0000
0000000 (¢¢*+de*,¢*) — (¢, ¢* ) 000 000000MOou0oooonon
00000000000000 D0O00O000 (orthogonal curvilinear coordinate system)
O0000000OOO0000000O0oooOooO000000

2 0 0
0 0 B

goo

hi = Xk: (%Z’;)?. (5.5)

5.5 00000 .(cylindrical coordinates)
(¢', 4% ¢*) = (r,p,2) 000

T =1 Ccosp,
y = rsin g, (5.6)
z=2z.

5.6 0O 0O0O. (spherical coordinates)

(¢'¢%¢*) = (r,0,0) 000
x = rsinf cos ¢,
y = rsinfsinp, (5.7)
2z =1rcosf.
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(5.5) 00 hy =10 hg = r0 hg = rsin 0

5.7 gduobobooognon.

0 =00000 10000000 (¢" + 61dg', > + 0dg®, ¢* +60:dg>) DD OO OODOOD0
D0000 0000000 |hdg'|, |hedg?, 000 |hedg®| 00 000000000000

(—4.1)000

199

¢ 1 99
1 hs Og3

(grad o)y = - 55 (gradd)s = 555, (grad o) =

oboobobooboobl, 2,300 1,2 3-00000000000000

Ooo.

O0o0o0ooooooooobooono
5 . 9 10 sinp 0
% = sm&cosgoa —l—cos@cosgof% rsin@%’
9 . . 9 10 cosp 0O
i smeslmﬂa "‘COSHSlnwfﬁ_rsinH%’
9 B 10
% COSHE—SIHHT%

5.8 0000000 OOOOOO.
00000000000 (volume element) dr 00 O

dr = hihshsdg'dg?dg®

goobogog

gb.00000o00bo0ooobooboocoonoa

59 000gobbugoobobooan.
O00000000000o0o0 (—4.4,4.7)

: 1 0 0 0
div A= W la 1 (thBA ) 87q2(h3h1142> + aqg(hlhaAS)] )
1 0 0
A h3Asz) — —(ho A
(curl &), = hahs [&]2( 24s) 6q3( ’ 2)]

(5.8)

(5.9)
(5.10)

(5.11)

(5.12)

(5.13)

(5.14)



0000000000 (curlA); O (curl A)s O (5.14) 0000000000000000
000000000000 A, 00000 ADD-0000000000000000000

oo.
(1) e, 0000000000000000000D00000A=1r2%,00000000000000000
0Ooooooo
(2000000

curl <cot€ew) _— (5.15)
r

gbooooooodg

5.10 DD Uogoooooogooobo.
(5.8) 0 (5.13)0000000D0O0O0ODODOOO A=divgradO

L [0 by 0 0 a0 0 huha O

A= ——
hihshs 3(11 hy 8q1 8(]2 Do aCl2 6q3 hs a613

(5.16)

goobooogon

gbobobodo

10 0 1 02 0?

oogd

10 0 0? 10
T = o oo (5.18)

gbooboooon

0ooooo o
1 2 ]‘ 2
alalsls 2
19 . 0 1 0
r=—%Gmel 4 - 2
— 600" "96 " sinZ6 o (5:20)
000

10,0 & 20 18
o o= o2 Tror = ron’ (5:21)

gbooboooon
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6 UUOODUoooooobooooon

6.1 0000000O000O0.
fii=1,---,n)000 g0 2y,---,2, 0w0000000000

", Ou
= 6.1
;f&% g (6.1)
0 00000000000 (quasilinear first order PDE)0 000000000000 0OOO
oooo0O0O0O00000o0o0o0o0000f;,0g¢0«000000000000000000
ooobooooooooooobobD ,0«wO000000000O0DOCOOO

6.2 00000.
0000000000 (0000000 ») 0000000000000 0OOOOODOOO

gooooogno 5
—p:—divpv:—v-gmdp (6.2)
ot
doooooooooooooooooooooogooooooooooooooogo
pio(r) = f(r)0DO0DO0O0r@®) 000 ¢t=00 r0000000000000000000

0000000+00000000000000000000»(0)=r00000

dr
0000000p(tr) = f(r()0000
6.3 JUU0gogg.
guoodoooooooobbobbod
.2 5 + 900,205 = W ,2), (6.4

000 f,¢g000hRO2,y,:000000000000% 0000000000 (6.4)00
000000 #y000 :0000000000000000000000 (64)0000
0000 z=H(z,y) 00000000000 S0000 (z,9,2)0 (z+dz,y+dy, z + dz)
00000000000000000

OH 0H
ox’ Oy’

—1) (dz,dy,dz) =0, (6.5)

0000000000000 n=(92/0z,02/0y,—1)000 SO00000000000(6.4)
000000000 »n00000 (f,9,)000000000000000000O0 (6.4)

¥ 0000000 Well-behaved0 00 0000000000000
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000000000000000 (f,¢,A)00000000 z=H(z,y) 00000000
00000000 (f,¢,A)000000000

de _dy _dz
f g h
D000D00D0000000000000 (6.4)000000 (characteristic differential equa-

tion) 00 OO (6.6) 000 O0O0OO (characteristic curve) 0 000
00000 (66)D0000000D0ODDOOOOO0OODODODODODOODOOO

(6.6)

Fi(z,y,2) =1, Fa(z,y,2) = e, (6.7)

gt aglleebbuououoouooooououuouoooooooon
gbogbobooobbuooobbogobboobbooobbooobbonobboon
oboobuoobuooboobibdb a0 cbobooboobooboobboon
00000000 0 0000000000000 00000 00000 (20 @O
O00000000)00000O00000000000000000000O0 (f,g,h)00
OoobooOoobOoooooooboboooGooon

G(F, F,) =0 (6.8)

gooboooobbboooobbboooooboood

64 0000000000 O0ODOO0ODOODOOOD.
(6.1) 000000
dry dry  dr, du
fi f2 fn 9
000000000000 Rn0000000000O0OO0)0D00O (6.7HYOOUODUOROOOO
000 (0000000oooooooooo)o

(6.9)

Fi(xy,z9, - xp,u) =¢ (1=1,2,--- n), (6.10)
googg (6.1)DDDDDDDDDDDDDDD GOoono
G(F,Fy,--- F,) =0 (6.11)

ooobooooooooo
00000 LeibnizO November, 1695) 0 0 O O

6.5 00000.
000 (6.1)0 ¢g=00000(69) 000 du/g=du/00 u=const0000000000
(6.10)0000000 wu=const 0000000 0000000

U:G(Fl,FQ,"'7Fn,1) (612)
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o0ooooooo FA,---,F,,0 (61000000 n—100000000

oo. [oooo].
0D0000000000000000000000000000 00000000003% 00o00oooon
000000000000 wOOOOOOOOOOO0OO0O00000000Oa, =w(ay, --,an—1) 000000
w(e, a1, an_1,w(a1, - a,_1))0000000000000000000O0

Uqy + Uq,Wa, = 0, (6.13)
s ) (6.14)
Uq, , + Ua,Wa, , = 0. (6.15)

Udb0On—-10000000=«000000000«0000D0C000OC00O0DOOC0O0O0O0DOOOOODOOOO
gboobOobooooobobooooobooooboboooboOoboon

(2)0ooo
u=ar+by++V1—a?>—-5b%z+c (6.16)
O (gradu)>=1000000000

6.6 [J.
(1)(6.2)DO0OOoooo
d _dz _dy _dz_dp
1 _vx_vy_vz_ 0’
O0003)0 dp=0(—6.5)00000000006.20 p(t,r)=f(r(t) 000000
0ad

(2)

(6.17)

of of _
(bx — ay)% + (az + by — 1)a—y = 0. (6.18)
000000000 (—6.4) O
dx dy df

pr— = — .1
br —ay ax+by—1 0 (6.19)

000000 (—1.18) 000000000 (cf. 6.5)

1+(y_ﬁf]—bgm—a0 (6.20)

r—

b 1
flz,y) =G ( arctan — —log
a r—a 2

D00 a=a/(@®*+0*)03=0b/(a*+0*) 0000
(3)

o= (6.21)
gogoo
f=e"G(x+y) (6.22)
gogo
gd.

3 000000 Du(z,e;) 000000000000 8%4/d,,8,, 0000000000000
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(A)00D00D000000000000
(1)

0z 0z
2, .2 9% 0% _
(y*+2°—x )393 Qxyay +2zz=0. (6.23)
(2)
0z 0z
(bz — cy)% + (cx — az)a—y =ay — bx. (6.24)
(3)
P =i Ny VA I (6.25)
OL = w2\ 2 ou (2m)2" ON |7 7 '
(400000
0 0
—ya—z + ma—Z =0 (6.26)

0000000000000000
(B) 2(82/0z) + 02/0y =1000 00 y=2:02=220000000000
(C)0O0D0D000000000000

0z 0z
202 0z 5 5
e Y 8y_y x”. (6.28)
dd z=y=z0000000000
6.7 D0 pOOOODO.
v R'O0D00000D00O00D0O0DO0O0OD OO
U(Az1, ALg, - -+, Axy) = Nu(xy, x9, -+, Tp,) (6.29)

000000 ANODOO0O0OO0O000000 «000 pO0O0000 (homogeneous function) O
00000000 p0000000XA0000000D00D0000000O0MN=27'000
0000000000000 DpDO0D000D00D0ODOODODODODOODODOOD

T Ty

6.8 00 [DOpDoOOoOOOoOoOl.
gbbobuodb«000pdbbbooobbboooobn

n ou
i 31
izzleaxi pu (6.31)

gogd
0000000000000 0000000O00oO0O0oOoOOOn (6.31) (—6.4) 0000000000
0000 p000000000OOOOO (630)000000000O0O
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69 00 [DODDODOOODODODOOOOOOO).
vOO0peROODODOODOODOOODOOODOODOOOODOOOO0ODO z,000000O
0 ou/O0x; D00 p— 1000000000 O

gobobooooobobooooboon

6.10 Kepler OO OO O.
n-00000000D0DODO0000ODOO00OU(ry,--+,7)0p000000OODODDOODOOO
0000 (00000000)00p—1000000000000000 (—6.9)0 Newton
O0Oo0o0o
*r;  OU

e T ory
OO0000Db000oo00oo0o0oooobobodOm; 00 ;00000000 0DO0O0OO0O 0
r,— \r; 000000 t—- 00000000000

(6.32)

d*r; ou
it = =N 6.33

000000000000 p=A"?2000000000000000000000000
O000p=-10000000KeplerDOOODO0O (T?=¢*)00000O0O38

6.11 00000000000,
8, =0/0,;0000000000000000000{4}0000000000 P({z;})0
00000000000

P({0i})u =y, (6.34)

0000000000000 000000 g0 {}00000000000000O0O0O0O
000 Pu=00000% 0 Pu=¢g000000000000

6.12 00 [Malgrange-Ehrenpreis].00 Malgrange-Ehrenpreis’ theorem[
O000g¢0O00DCR'O00O0O C*0000(6.34) 000000 C*000000 o

6.13 0000 ‘OO0’ OO0 POOOODODOODODOODLDODOODLOODODO
P=PpP00000000Pv=000000 Au=000000 Ru=000O00O0O0OO0
ooooo#

000000000 J. M. Smith, Mathematical Ideas in Biology (Cambridge UP) 0 0O O O
¥«0poO”0000000 D00mOO0O0000D0O0O000O0O0mO00O000D0O0O0O0O00O00O000
0 0oo0o0o00g G. B. Folland, Introduction to Partial Differential Equation, p84-7 0 0 0 O

4 00000000000000000000000000000000000000000000000
OO00o00oo0oooopooooooooooo
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0000 P(fi+ f,) =PPfi+ PPf,00000000000000 000000
00000

POODODDOOOOOOOODOOODOD Yeo8,00000000000000
00 0000000000000000000000000000 (—6.4) 0000 PODO
0000000000000 PDEODOOOOOOOOOD (00006.18000)0

goobooooboboooan

6.14 0000000000,

6.110000000000000000000000 Pu=¢0000000000000
0000000:

()00 P=PP0000Pu=¢0000000000000000 Puy=¢00 w0

0000000 Pu=w, 0000000

(2) P(8,,0,)e™ Wy = ¢t P(9,4a, 0,+b)u. [0 0000000 D9 e Hbvy = gn-leomtby(g, 4
au000000]

6.15 O 0.

(a0, + b0y +¢)"u=0 (6.35)
ogoooo
n—1
u:e_“/“inqbi(bx—ay), (6.36)
i=0
O00000000000¢, 000000000 (@ODO a=00000000e /o0 v/
00000 20 yiDDDDDDDDDD)D
(H)O(2)0000O0 6140000000 ODODUDOUDDOOOOOODODODDOOODODO LO

00000000000 L%=000000000 Lo=00000000uw=wv0000
bbObibdwbhOoooobbbuooobobbooooboboboood

6.16 0. 00000000 O0OOODO (3.300000)0
(HWOooooooooooo

Pu 0%
oooooogoon
P(6h,0,) = O — P02 = (8, — c0,)(Ds + cBy) (6.38)

O0000000000000000 6130000000 (0 —cdy)u=000000 (0 +
O, )u=000000000000CC0C0O0O0O0O0O0O0OOODOODOOOUG.140000DODDOO
0000000370000 0 FOGODODOOOOOOoooooo

u(t,z) = F(x — ct) + G(z + ct), (6.39)
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000004 0000000000000000000000000000003.3000
godn
(2) 000000 Laplace0 OO
Pu  Pu
07 o
000 (637)0 ¢=i00000000000000000000 Flz+iy) + Gz — iy) O
0000000000000000000000 F(z)+G(Z 000000000 F(z)0
ooooooooo*

(3)

0. (6.40)

2 2
0“u 23u ou 28u

— — — —2—=0. 6.41
8x8y+ oy?  Ox oy (6.41)
ogooood
u(z,y) = F(2z —y) + ’G(x), (6.42)
000 FOGOODOOODOOOOoOooooo
6.17 JO0OUOUOOOO. O0oOooooon:
(1) IR
u u
— 4+ — =1 6.43
6x2+6y2 * (6.43)

6.14)0000000000000w=2%/600000000000000000000

00 (—6.16)
3

u(z,y) = F(z +1y) + Gz —iy) + % (6.44)
(2) 2
praew ke sin(z + at) (a # £1). (6.45)

6.142)0000000000000000 Ime®t) =sin(z+a) 000000000
(0? - u=€t)00000000000n:

1 .
i(z+at) 4
u = S —a?) a2)€ (6.46)

O0000000000000000O((645) 00000

u=Flx—t)+Gx+1t)+

1
. sin(x + at). (6.47)

a?

26120000000

4 0000000000000000000000000000000000000000000 G(z)0
000000 H(?)0OOODODODDODDOODOO0OO0OO000000F(2)+H(:)00000 000000000
F:)+F(:) 00000 00000000 F(2)-H(>)00000 000000000 0000 200
00000000000000000 HO FOOODODOOOOO

41



O00e=+41(00000)000,00 w=¢lt)y 00000 v00000000000
DD44

ano.
(1) 2(02/0z) +02/0y =100000 y=2:02x=2200000000000
(2000000000 0DOOOOOOO:

Pu 0% ou
000 «000000000 O0000000000000000O0
v = elath)t/2y, (6.49)

gboooboooooogn

0?v a—b\> 5 0%

Ooooo000de=b0000000000D00C0O00O0DOOOODOOOODOOOODOOOO

6.18 OO0 OOO.
Oo00oooooooooooooooooooon Pz(@t—Dﬁi)DDDDDDDDDD
oododdoodoododoooodn P(a,b)zODDDDexp(at+bx)DDDDDD
oodooogooooo

eikfokzt (6.51)

Ooooo0o obooboooooofoobbo0oO0obDboO0boOoOoOobboOooDbbOooo

u(w,t) = / Tk f(k)ethe DR (6.52)

gbobobooobobboooobboban
6.142)00 0000000000000 000O00O0O0ODOODOO ODoDOOO

O*u — Opu = sin(ax + bt). (6.53)
gooooo

1
at 4+ b2

= [—a2 sin(az + bt) + bcos(ax + bt)} (6.54)

gooo

“0pDe.150000000000000000
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7 Greenl 00O

71 GreenOOOOOOOO.
GreenOOOOOOOODO 270000000000 «0O0D0DO0O000OO0OOOOOOOOO
oo0ooDO 007, 00000000000 DODOO000000DODODOOODODOOOO0d
0000000 p(x) 00000 px)0x=a0 +oo000000000000000O0OO
000000000006z —a) 000000 GreenOODODOOOOOOOOOOOOO
oo

—AyY =0(x —a) (7.1)

gboboboogobbobuooooboboooobooooon

7.2 Green OO OO QOQd.
Loooooooooo%s

Lip(z) = 6(z — ) (7.2)
0000000000000000 (fundamental solution) 0 0000000000000
0000000000000000000000 GreenO O (Green’s function) 00 00

7.3 0-00000

/ 5(x) f(x)dz = f(0) (7.3)

000000 §«xz)0 5—DD(deltafunctlon)DDDDDDDDDDDD]éDDDDDDDDD
srUgggoboboogoboboboooaoobn:

/5(I—a)f(x)dx — /5 fly + a)dy = f(a), (7.4)
[san)f@)dr = [ 6 f(y/a)dy/lal = F(©)/la] = dax) = 5x)/la]  (75)

5
/ cosx d(x)dx. (7.6)
-5

/10 d(z)logT'(z + 5)dz. (7.7)
-5

00000 L0000 Lf(z)
(differential operator) 00000 O
goo

O f(x)y0DOO 2000000000000000000000000
00000vVOOOO0ODODO0O000 —d?/dz?+V(x)0000000D0O
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7.A Laplace 0 00O Green[ [J

7.4 LaplaceUDOODOOOO CoulombOOOOONO

ooooooo .
A = —dnd(x). (7.8)
|z

goooooooooooooooooon

1 1 o1 o
A fy= (= Af =47r/ drr%Afzzm/ rAfdr, (7.9)
|| || 0 r 0

D000000D0000000000000000 (0 »0000000)000000

7O00000000AF=r1d(f)/d? (—5.10)000000 0000

<A1’ f> = 47 /OOO j;rfdr = 47?[7“7 + flg° = —4n f(0). (7.10)

|z

7.5 0gpoon.
0oooobooooobobooooobooooobobbooooboobobobooDoD
00000000 (d—1)-00000000000000O0ODODOOOODODOOOOO 400
goddoooooooooobobbobobbbbbbbbbbbboooooooooag
(d-1)-000000000000000000LOO0D0D0D0D0D0D0DOD0DOD0DODODOOOOd
O000000000000000000000 (method of descent) 00 OO

goooo

2

_Ad@:_<A(d1)+jﬁl>¢:6d_1(wl_y/>5(xd_yd) (7.11)
0000000 2,000000000d-000000 (d-1)-0000000000
0x02,00000000000000000Z0000000000 [drgde(x—1y)=
dg1(2'—y)ODOODO0O00 d-00 CoulombODOOOOOO 2,0000000000(d—1)-
00 Coulomb OO OOD0OO0OO0D0O0D0O0O0OOOOOODOODODODOOOOOOOOOOOODO
0oodood ;00000000000 on:

+oo 1 +oo +oo 1 2,2
d _ / dt/ d $(d-2)/2-1 = (a* )t

/_oo Y2 1 12)@-2)72 0 oo (A= 2)/2) ¢ ‘

(7.12)
ﬁ /+°° d—3)/9—1 —q2
e E———— dtt( 3)/2-1—a%t 7.13
T((d—2)/2) Jo ¢ (7.13)
T((d—2)/2) 9 ) i3

D000a=22+4---+22, 0000 00000 Camma00000000000000
(d—1)-00 CoulombI 00 0000000000000 OODO0O0O0OOO
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7.6 Laplace0 000 GreenO OO ODODOODO.
O00oooooboooobbobo0ooobbooUg GreenDOOooooOOO0OoooOOOO
Oob0booOO0o0ooobooo0ooboboOo0o0ooo00ooboOO00UUU method
of image sourcesUO 0000000000 DOO0ODOO0ODOOODOOODOOODOOODOODO
0000000000 (Oo0o0)ooooooooo

T 00000 I.O0Od.

300 Laplace 00000000000 DOOOO G(z,y,2|12,y,2)0 («,y,2) 000000
0000000000000 00000000DO00o0oO0o0ooOO00oO0O (x,y,2)00
00000000 000 x>000000000 DirichleteOOOOOO0OO Greenld OO

i 1
e —aP (g -y (-2
1
_ _ (7.15
JE+a)?+ @y —y)+ (- 2) )

000000 («,y,2)00000000000000 (—2,¢y,2) 0000 z=00000
goodoobobobobbbbboooooooououoboboboobooboo
O00db0bddz=00000000 NeumannOOOOOOOz=000000000
0000000000000 +10000000000000 Neumann OO (= Neumann
0000 GreenO0O) 0O

GD(x7yaz;x,7ylaz/> =

1 1

e =2+ -yt (=22
1

Va2 + = y)? + (2 = )2

GN(x7yaz;xlaylaz/) =

+

(7.16)

gooo

800000 II.OODOOODOOOOO.
gbooobouoooobobodgb
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oo.

(1)000000 (—o0,+00) x [0,7] 000000 Dirichlet 000000 LaplaceD000 Green DO OO0
00 [D00D0000000000000000oo0oooOg] (—1.17 Discussion (2)).
(2)«00000002>e¢000000000 Dirichlet 00000 Laplace D000 GreenDOODOOODO
3) 000000000 z=00y=00000000 Dirichlet00000 («/,y,000000000 QOO
O00000000000000 —AY =Qd(x—2")é(y—vy)d(z)/4r 000 I

79 0Uupooogg.

Laplace 0000 Green0 O O0OO0OOODOO0OOOODOOOOOODO (—4.1000000000
obooboon

()0 0000000000000 00000 (reflection principle) 0 0 0 0O 0O [
(2)00000000000

7.10 Green 000000 (00O Laplace0 OO0 0OO).
00000000000 0bO0000o0oooooD GreenDOOoOooOoobOOobODOOOO
O00D00000000000 Poisson0O0O0O0O0O0OOOOOO

—AY = f(x). (7.17)
gogd
U(@) = [ dyGlaly)f(v) (7.18)
OobOpoobooooobogon

7.11 Green O OO (Green’s formula).
DCR'O0DO0DDOODOODOwD 0 C>-000 DODOOODOODOODODOOODOO

/ (vAu + gradu - gradv)dr = / vgradu - dsS, (7.19)
D oD
0o
/ (vAu — uAv)dr = / (vgradu —ugradv) - dS (7.20)
D oD
gooogo

[00O] (7.19) O div(ugradv) = gradu - gradv +uvAv 0 Gauss00 0 (—4.12) 000000000000
0 (7.20)0 (7.19)0 0000

oo.
00 DcR'0O00«w000000O00O0O0O0OOOOOO0

/aD gradu -dS = 0. (7.21)
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7.12 Green OO OO QO Qd.
Gzly) OO DOOOOOO Dirichlet 0000 GreenOOOOOOO

G(zly) = Gy|z). (7.22)
000000000 GreenOOOO u=G(z|lz)Jv=G(zly) DOOOOOO

7.13 GreenO0 OO OO0 Dirichlet OO OO
ey 000D fO0O0D00OD0OO0DODOOODOODOO0O DOODOO Dirichlet OO

—Au =, ulogp =T, (7.23)

ggd
u@) = [ Galpe)dy = [ 100 Glaly)doly) (7.24)
ooooooooo,UObhyooOOooooooooooo00-0000000000080

00000711000 GreenOOOOODODDOOOOO0OOODODO «00000000
Green 0O OO0OO0OO0O0OO0O OO0OO0ODOOO0OOODODOOOODODOOOOODOO GreenO
goduouoooooood
oo.

(A) (724)0000000000000000000000
(B) (7.24)000000000D0000D0000000D00000
1
or |, Wr W), (7.25)
000 w0 20000y0000000000000000000
7B 000000 Greenl [
714 JO0OOOO0OO0OO.
000000000000 (—7.2)0
0
(;f—DAw:(S(t—s)d(w—y) (7.26)

O0yUOoboobobobooboooboobooboobooooboooboobdoon
0o

Gl 1y, s) = <1>d/2 exp (_M> (7.27)
T 4rD(t — s) 4D(t — s) '

000000000000 00000000000000000000D00DO0O0O00 (—7.17)0
0000000000000 00000000g GreendO (—-7.2) 0000000000
000 000 (diffusion kernel) 00 0000000000000 O0O0O0O

w-lim G(z,tly,s) =d(x —y). (7.28)
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oo.
() Green 00 UJO0OO0OOUOOOOOODOODOO0OOODOOOOOOOOODOOOOODODODOOOOODOOO
gboocobOoboooobobooooooboon

% = DAu+ f(z,t)u (7.29)

gbobooboboooobooboooog

u(z,t) :/dyG(:n,t|y,0)uo(y)+/o Cls/d;t/G(:/c,tkl,/,zs)u(y,S)f(;l,/,s)7 (7.30)

00000000 wODOOOOO0ODOO0DOGO GreenOOOOODO

7.15 00000000000 (scaling invariant solution).
0000000000000 0000000000D000000ooooooDo0d(®,t) —
Az, \). 000000000000000000000

/w@ﬂsz (7.31)
D000 d-00D000
U(x,t) = Np(\x, \%t). (7.32)
0ooo
7.16 0OOO.

000000000000000000 (dimensional analysis) 00 00 000000000
0000000000000000000000000000000000000 Q000
000 ([Q000000 000000 LO0000: [z=L,0000007000: [f]=T0
00000[D)=L?/TO 00 fdew=100 [u=L4000000 000000000
0000000000000000000:

[z/vV/Dt] =1, [(tD)¥?u] = 1. (7.33)
000 wDt)¥?0 x/y/Dt00O0D0D0000O000O:
u(zx,t) = (Dt) "2 f(x/vV/Dt). (7.34)

717 Doggoooogo.
O0000«z=00000000000007.160000 fOr=lz|0000000 OO
OooboobobooAbOOOO

U(x,t) = t=V2n(r/VDt). (7.35)

4 0p00D000000000000000000000000000
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O000000ooooooo0xz=r/vyDtOOOOOOO AOOOOODOOODOOO

d—1 d
B+ ( + ;) W+ Sh=0. (7.36)

X

00000000000000000 R0 2200000000000000000 h(z) =
() 00000 ¢g000O00ODOODOO

d d

— 4q 2 4¢") = 0. 7.37
2(g+ g)+$dx(9+ q) (7.37)
O00D0000D00000000 g4+4¢=000000000000000

C e
Y(x,t) = —a° /4Dt (7.38)

000 cOo0o0o0oO0O0oO0O0oO0O0O0O0OOoO0OoO0OoOo((rrybooOoC0O0OO0OOOODOOOOO
goboboooobbboooobbboooobobooon

718 DOODOOOO.
U0 pOobOoobOobbobooobooboobuooboon:

0
Y — DAY, oo = v, Wlon = . (7.39)
gbobboooobbbooodabbon
o0
E:DAw—i—é(t)wo, Y =0fort <0, Ysp = . (7.40)
gbobboogobbooobboogbboogbbooobboobbuooobboon
0000000 (740)0000¢t=—-e00t=4e(e>0)00000000000¢€—0

gbooboooon

oo.
(A )OO !ODO0OUO0O0O02x000(0,1)000000O00000OOO0OD DOUOOUOOOOOOOOOOOO
ooooboobooooobooog

T(0,t) =g(t), T(l,t)=h(t) (7.41)
0000t>0M*% 00000
T(z,0) = f(x). (7.42)

000 fO¢g0AO00DODOO C'OOOO0OOO

(B)UOOUOOUOOOD /0000000000000 0U0O0OU0O0OUO0O0OOO0O0OONewtonODOOOO
0 (—1l.16)000000000000000ODOO0OO0 T)0 x=000000 ADOOODOOOOOOODOO
oco0oooo0o00ooo0o0o0mooooo0ooooO00 Aboopoooooo

or  _o°T
ot T O
gooooooooooooooooao TZE_Ct(T—TO)DDDDDDDDDDDDDDDDDD

— C(T — T()) (743)

47 These conditions are compatible with any initial condition so long as ¢t = 0 is excluded.
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7.19 0DOogogo.
7.50000 (d—1)-00000 GreenOOO 4-0000000000D00O0O0OODODODO
OO000D0b00000 GaussUDOOOOOOOOODO

7.20 00O 00O Markov O .
000 (7.27) 000000 (Markovian property) 000000000000 O0OCOOOO
0000000000 de(s,t)0000

Glx,tly,s) = [ dzG(,t]z,8)G(z, |y, ) (7.44)
00000000 sS00o00ou0ou0oo0oono00oU0Uoo0Oogd Fourier O

OO0 LaplaceDOODODOOOODOOOODOOODODOODOOODDOOD 7a8000O0OO
DbOOobDoOO0bo0o0bodbd Feynman-KacOOOOOODOOODOO

721 0000000000000 -000.

000 2>00 9000000000000

(1) Dirichlet D00O00. 000000000000 ¢t=000002z=2'>00000
00 G-O000t=0r=-200000000000000000 GrenOOOODOOG
Ot=02=200000000000000000 GrenJOOOOOH=G-G-00
00000000000000HDO x=0000 Dirichlet 000000000000 Green
0000000000HO+4000 /0 -000 —/00000000000<2>000
000000D0000000000000000 000 (image source) 0000

(2) Neumann 00000, 000 z = 0000 Neomann OO OO0 000000000
Gren00O0O G+G-00000000000+000 —200000000000000
000000000000000

oo.

(A)[0,1]00D000000D0O0OD0O Dirichlet D00 2=0000 Neumann OO0 2 =100000000
g0o0O0DOdO00 z=2p000¢t=00000

(B) Diffusion equation to defend God? Kelvin accepted organic evolution advocated by Darwin, but
he could not swallow the logical consequence of Darwinism: no design or in this case no divine intervention
at the beginning of life. He used heat conduction to destroy Darwinism:

The temperature gradient in the Earth near its surface is roughly v = 0.035K/m at the present time. He
assumed that the Earth was a homogeneous sphere of radius R ~ 6400km. The evolution of the temperature
T(r,t) at position r at time ¢ obeys Fourier’s law

oT 9

5% kV-T.
At time ¢t = 0 he assumed that the Earth was at its melting temperature which was Ty = 3000K above the
surface temperature for |r| < R. Its surface temperature must have been close to the present temperature
for all ¢ > 0 to allow life. Let us choose this to be the zero point of temperature for all ¢ > 0.
(1) Using the numbers v, Ty and R, give an argument that the thickness of the transition layer over which
the temperature differs significantly from T is much smaller than the Earth’s radius at the present time.
(2) Hence, the full sphere problem simplifies to the 1-d problem:

or _ o
ot ox2

20



under the condition that T'(x,0) = Tp for all z > 0, and T'(0,¢) = 0 for all ¢ > 0. Find the solution.

(3) Using the value of v, compute the age (in years) of the Earth, assuming that the thermal diffusivity is
k=0.7 x 107%m? /s.48

(4) Read the following to be a bit wiser as a physicist:

C. Darwin, The Origin of Species (Sixth edition Jan, 1872) Chapter X, ¢ Sir W Thompson concludes that
the consolidation of the crust can hardly have occurred less than 20 or more than 400 millions years ago,
but probably not less than 98 or more than 200 millions years.”

Ibid., Chapter XV, “ .. and this objection, as urged by Sir William Thompson, is probably one of the gravest
as yet advanced, I can only say firstly, that we do not know at what rate species change as measured by
years, and secondly, that many philosophers are not as yet willing to admit that we know enough of the
constitution of the universe - - -”

Now we know Darwin was perfectly right. Thompson did not know the radioactivity. In a certain
sense, in retrospect at least, Darwin pointed out the existence of unknown physics.

Later, Huxley commented: Mathematics may be compared to a mill of exquisite workmanship, which
grinds your stuff of any degree of fineness; but nevertheless. what you get out depends what you put in;
and as the grandest mill in the world will not extract wheat-flour from peascods, so pages of formulae will
not get a definite result out of loose data. However, in this case the defect of the theory was much more
serious. In any case Darwin did not have much respect of mathematics; Boltzmann was strongly influenced
by Darwin, and he suggested that the 19th century may be called the century of Darwin.

It is said that Fourier had a dream to explore the interior of the earth thr ough the studyof heat
conduction, and then to study the formation process of the earth and the solar system. Kelvin seems to

have realized a nightmare.

7.22 GreenOUOOOOO: OODOOODO.

DOooo0(Qoon),

%‘é’ — DAY = o(x,t), (7.45)

goooooooooooooooooboobobobobobooooooon:
(@, 0) = f(@). (7.46)
DDDDDDDDDDDDDDDDD(—>7.18)DD
oy

5~ DAY = o(x,t) + f(z)o(t). (7.47)
goooooooooooo (7.45)+(7.46)DDD GreenOOQOOQOO
(e, t) = /Ddy/ot dsG(z,tly, s)o(y, s) +/DdyG(a:,t|y,0)f(y). (7.48)

OO0 pOOooboOooooog
gbbuogbbuogobbooobooobooobooobooobboobboon
gbooooog

48 The number obtained here is ridiculously short (although much longer than some beliefs based on the
wrong reading of the Bible).
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7.C 0OJ0O0O0O0O0O Greenl D

723 J0000000O0O0O0O0OO000O0 GreenUD.

82
<&2—3A>¢:5@&m) (7.49)
gbooooouooododooodoooooooooon
S(] - ct)
vl 1) = S e, (7.50)

OobobobobebOoboOoOoOoobOOobO0ObOobObOObOODOD
00000000000 00o0oo00o00ooo0oo0oooooooD,0000n |z>0

goog
9? 107
- - =0 7.51
<8t2 r8r2r>¢ ( )
O0r-p=FO00O00000 FOOODOOOOODOOOODOOOODODOOooODoooooooo
OO0 M
O00000000O00O0Oo0OO GreenOooooooo

_ (e —y[ —c(t —5))

G(wv t|y7 5) - 47rc|w _ y| @<t o 8)7 (752)

(7.52) 0 OO GreenO O (retarded Green’s function) 0 0 0000

724 0000000 GreenU .
gbooboooobobooon

3(|x| + ct)
dre|x|

(e, t) = O(-1), (7.53)
000000000000 (7.52)0000000000000000000O000O0 00O Green
00 (advanced Green’s function) 0 0 000 O

72 DOOOOODOOODOOOOOD.
7.5000000000000000000 GreenOO (7.52)00000000 GreenOO

0oOooooooog
O(ct — |z — y|)

2mey/*t — | — y|?

Glzly) = o(t). (7.54)
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726 DOO0OOODO.

200 GreenOOD |z —y|<ct000000000O00OD0ODOOOOOOOOOODODOOO
gbbouoodgbbodbbuoobuoobbooobbuooobbooouobbood
OO0D0O000D0O000 DbOO aftergloweffect DD O M DOOO0DOODOOOOODOOODO
0oom

727 OggOgoooogo.
OO0 7200 721 000000000000000000 OO0OO0OOOOO Dirichlet OO

0000 GreenO OO

_ (e —y[ — et = 5))

G(x, tly,s) = Ot —s) —
(@ tly. s) Arcle — y| (t=s) Amcle — |
0004y°0y0y-0000000000000000000000000O00O000O0O0
o000 Neuemann OO0 OOO0O0OO0O0OOOO0OODOOODOO
go.
gboooboooboooboobd
02, o
0000 [0,+0)0 z2=0000000000
0
o= f@): G| =) (7.57)

0000 f(0)=¢(0)=000000 [0000000 GreenO0OOOO000000]
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8 bt —Hodd—

8.1 00 0O (separation of variables) 0 0000 .%
0ooooooooooooooooooon

(L1(z) + La(y))u(z,y) = 0, (8.1)

000 L,000 L,OOODO0000 (—22) 000000 f0g¢0000 Li(2)f(y) =
Ly(y)g(z) =000000000000000000000 000

u(z,y) = X(2)Y(y) (8.2)
oooooodo
YL X + XLpY =0, (8.3)
HRERERE!
(LiX)/X = —(L,Y)/)Y (8.4)
ooooooo

(1) [DOOoOoOoOogd]. 840000 0000000000 yO0O0O0DOOOOOOOOO
oboooooooaxoDboboboobooonbog

(LiX)/X = —(LaY)]Y = A (8.5)

00 ANO0O0O0DO0000 (separation constant) 0 0 000 O

(2)[00000). 0000000000000 00OOOO0O0OOOOOOODODOOOO
gbobobuoogbobboooobbbao
gbooguogdb«c000bboouobt.g0bbogobboouoobboobboon
O0000L,X =XX000000 (eigenvalue problem) 000 L, X = X 0000000
0000000 XANOD0ODDODODOOOO (eigenvalues) 0000000000000 O0O0OO0
0000000000000 000000000000X,\(»)ODODOO
(3)[00D000000]. 000000 NOO00D0O00DO0O0D LY=-AXYOOoooooo
0000000000000000000Y,(y)Ooooo

(4)[00000]. 00000000000 0000000000 (—2.2)00 5, X, (@)Y)(y)
oobobooooogno
00000000000000000 X, 00000000000 (000000000 {X,}
000000)00000000000000000000% 000{X,}0ooooooag
OO0 Forier OO0 O O0O00OO0Fowier 00000000 (—24)00000000000
oboobooboobuooboobuooboobod Fourierdonooonooonooon
gooboboodgg

“ 00000 Daniel Bernoulli 0000 17550 000000000000000000000
50DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDZZO:lun(x)D
gbooobooboobooobgb

(i) un(x) is C*,

(i) 00O00OoOoOoOoooo

(i) S°°° o/ (z) 000000000

boboobooboooboobooooboobooooboobouoboOob bobooooOooboOooobooo
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8.2 00: 200 laplace 0 0 0O O Dirichlet 0 0O).
0,1] x [0,1]00 00 Laplace 0 0 00 Dirichlet 0 00000 00

02 + 024 = 0 on [0,1] x [0, 1] (8.6)
D000D0000D00 Dirichlet 000000
(0,y) = uo(y), ¥(L,y) =uly), ¥(x,0)=wvo(x), ¥(z,1)=rwv1(x) (8.7)
() [00000D0]00000000 (—2.2)00000000000000000

02 + 924 =0 on [0,1] x [0,1], (8.8)
¢(an) = uO(y)7 ¢(17y) = ul(y)v ¢(5E70) =0, ¢($, 1) =0.
(8.9)
ood
92+ 02 = 0 on [0,1] x [0,1], (8.10)
77[](07'3/) =0, ¢(17y) =0, @0(1“70) = UO(x)v 1/1(377 1) = Ul(x)'
(8.11)

O0000000000000000000000000000DODODO0000000oO(@
0000000000000 000000D0DO00DLDOoDoDo0ooOooDoOoooDOooon
dddooobooouoodouooooooodoooouoooooouoooouoonoa
ogoon
(2)[DD0D000])(88)+(89) U y-000IDDDOLOOODOOODODDOODOOODOODOOOO
DDDD(DDDD¢:0aty:Oandy:1)DDDDDD@SDDDDDDDDDDDDD
ooo

d*u

dy?
00000 p=m*0n=1,2,---0000000000 sinpry 00000 OOO0OOO
0000000000000000000000000 w0000 812)D0000000
oo odooooooouoooouoouoouooa
(3) [00O0O000)0O00O0O000000DOOOODOO0OO0DODOOOOOD

= —pu, u(0)=u(l)=20 (8.12)

Y= i Qn(x) sinnmy, (8.13)
n=1
0000 Ay(z) 0
2
d §;§$) _ nQﬂ'ZQn(ﬂi). (8.14)

gbobooodgoood
(4)[00D000] 81400000 A,sinhnrz+ B,coshnraz D0 DO0000O0OO0O0O0OO
goo

¢ =Y (A, sinhnrz + B, coshnrz) sin nry (8.15)
n=1
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gbobbododbMez=00cz=100000000000000000

[o¢]
> B, sinnmy = ug(y),

n=1
[e%s)

> (A, sinhnr + B, coshnr) sin nmy = uq(y).

n=1
B,0 A,0 Fowrier 000000 000000000 O0OO0OOO0OO

go.

(1) 2 o
u 5 0%u
gu Y% 9
ot? ta Ozt
ODzel0,L]0¢>0000000

() 00000000 U0oOO0OoooOooOooooOd

(i) 000000 w0 ¢2w000000000 Gu(z,0)=0000 u(z,0)=f(z) 0000000
(2) Laplace 10000 0000000000000000000000000000000000

8.3 Laplace 0 0 0O 00O O Dirichlet O OO .

Ay =0on [0,a,] % [0,a,] x [0, a,]
0000 Dirichlet OO OOOOOO

0(0,y,2) = foly, 2), ¥(ae,y,2) = g2(y, 2),

Y(,0,2) = fy($a2)> w(:v,ay,z) = gy(x>z>7

U(z,y,0) = f(z,y), ¥(x,y,0.) = g:(z,y).
510000 wpO wy O Fourier 00 0O0O0OOOOO

o6

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)



000821)0000000O0O00000OOOOoOO

AY =0, on [0,a,] x [0,a,] x [0,a,], (8.21)
P(0,y, 2) = Y(az,y, 2) = P(x,0,2) = P(z,ay,2) =0, (8.22)
w(x7 y7 O) = fZ(x7 y)7 w('x7 y’ az) = gz(aj’ y)' (8'23)

(000000000 2,y, 0000000000000000000)8.2(2)00000
0000000000000 Dirichlet 00 w(0,y) = u(ag,y) = u(x,0) = u(x,a,) =000
gd
2, 92y, _ _ 2
(0; +0,))u = —p~u (8.24)

obobobooboobooboobobboboobod

ML G Y (8.25)

Qg ay

P = Z(Amn sinh fy 02 + Bin €08 fi, 2) sin

D00000000000000000004,, = (mr)?/d+ (n1)?/a20000 000
00000000 Ap,0B,,000000000000
000000000 e 000000000 (825)000»000000000000 (

Fourier 0 0 OO (Fourier sine transform)).
Jooodoooob z,y000 200000000000000000O0O

oo.
000 [0,L] x [0,L] 000 Laplace 0 0 0O

u(0,y) =0, w(L,y) = Asin(2rx/L), u(z,0) =0, u(z, L) = Bsin(2rz/L) (8.26)

ooooboooon

8.4 Laplace 0 0O Neumann [0 0.
Ay =0 on [0,a,] x [0,a,] x [0,a,] (8.27)
000 Neumann OO OOOOOOOOOO

axw(()?yaz) = fx(y>z>7 axw(@z:yaz) = gz(ya Z)a
Oy(x,0,2) = f,(z,2), O(x,ay,2)=g,(z,2),
aﬂb(% Y, 0) = fz(x7 y)a 8277/}(13, Y, az) - gz(x7 y) (8'28)

8.2(1)D0UUIUIUODDODDOODOOOO

Ay =0on [0,a,] x [0,a,] X [0,a,], (8.29)
%(0,y,2) = O¥(as,y, z) = Oyb(,0,2) = Oytb(z, ay, z) = 0,

(8.30)
:4(2,y,0) = fa(x,9), 0:4(2,y,a.) = g.(z,y). (8.31)

o7



D00D000000000000000000 NeumannO 000 8,u(0,y) = dyu(as, y) =
dyu(z,0) = dyu(r,a,) =00000

(024 00)u = —p*u (8.32)

gbobobooooboboboooobon

) = Z(Amn sinh fiy 02 + Byypn €0Sh fiy, n2) COS T os Y. (8.33)
n Qg y
00002, = (mr)?/a+ (nr)2/a20 00000000000 4,0 B,,000000
gogoooooooo
O000000000000000O0OmOn00000000000O000D00O00O0O0O (Fourier
0000 (Fourier cosine transform))d

8.5 Poisson I 0O 0O.
OO0 «00000000D0D00000 Laplace0O0O0O0DOOOO

Pu ton 1

or2  ror 12002
Dirichlet OO OO QOQOQOOOO u(a,@):f(ﬁ)DDDDDDDDDDDDD 200000
g

gbogbdobuoobuooboobuobobuobobobobobbobbd Fourierd O
obobooboobod

=0 (8.34)

u(r,0) = AOQ(T) + i[An(r) cosnf + By, (r) sin nb)] (8.35)

guoodooooooobbboooobobbbbbbooooooooooooon
d*A,  1dA,(r) n?

— ——A = 0 =0,1,2,--- 8.36
dr? r dr r2 n(r) (n 1,2,04), ( )
d*B,,  1dB,(r)

- _— 7B pr— P— 1 2 CEEEE) .
dr? + r dr 72 (r) 0 (n 2) (8.37)

0000000000000000000000 (0000000000 oOoOoOOO0):
An(r) = A,r", Bu(r) = By, (8.38)

000 A,0B, 0000000 r=e000000000000O00O00OODOOOODCOOO
god

A, = 71T /O " H(6) cosng de, B, — 71T /0 " H(6) sinng do. (8.39)
000000000000 (8.35)
u(r,0) = 217T /27r (1 +2 Z ( > cosn(¢p — 0)) do (8.40)
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00000000000 Poisson 000 (Poisson’s formula)

o= 7 @ d 41
ulr, )_5/0 f(¢)a2—2arcos(¢—9)—l—r2 ¢- (841)
gooooo
8.6 U0 O.
Ou_ po (8.42)
ot Ox2 '
Oze (0,)0¢t>0000000 u(x,0)=A(z e (0,0) 000000 u0,¢) = BO

0,
uwl,t)=C (t>0)000000 0000 A,B,CO000O0O00O0O%
00 (0000000)0000000000000000000000

U:u—<C;Bx+B) (8.43)
HEERERERN )
ov 0“v

Dze(0,)0¢t>00000000000 v(z,0)=(B-C)z/l+A—B (ze(0,1)000
000 v0,6)=0andv(l,t)=0(>0)0000 00000000000000

v(z,t) = iTn(t) sin nTW:B (8.45)

000000 A B,CO0O00DDOO0ODOOOOOODOOOOD

gd.
(1)[0,7‘(]DDDDDDDDDDDDDDtZOD]DDDDDDDNeumannDDDDl:ll:lDDu(aj,O):Sin2x|:|
(2) 0,7 0000000000000 0O¢+>0J0000000 Dirichlet 00000000 u(x.0) =20
(3)[0,1]000D00D
ou  0%u
— = 8.46
ot Ox? (8.46)
00000 u(z,0) =sin(rz/2) 0000000 »(0,¢) =00
ou 1
— = ——u(l,t 8.47
S = el (8.47)
000000000 »000 (DO0O0OOO RobinOO)O
[0DO00: u, 0 tanz+ve=0000000000000000000 n000000O00OO
1 2
1 n
/sin(unx)sin(,umx)dx:5m’nw. (8.48)
0

2 00000¢t=00000000000000000000A,B,CO0000000000000000
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]

(400¢0000000000OO00OOOO0UO DOOOOO DOOOOOOO

2
YKO,I)::Ibcosig, (8.49)

000.000000000000 T(,2)00000

(5)00¢000000 00000000 PODOOODO00O0ODz=000000000000000
T(x=0,t) =Tpe " (a>0,00)00000000000007,0000 (+>00000000000.
00000000 T(x,0) =Tysin(372/¢) 00000000000000000000 (¢>0)0

700U bOUDd.
gbobobooooboboboooooon

Py o
o2 Oz

000000 [0,e] (¢t>0)000 ¢cOO00OOO0OOO0O0O0 OOOOO

O0000: u(z,0) = f(x), du(x,0) =0 (z € [0,qa]),

O0000: u(0,t) =wu(a,t) =0 (t >0)0

0000000000000 00oooooooooooooog (—1.a70
00000000 Fourier 000000000000 O0DOOODOOODOOOOOOO (cf. 2.4):

(8.50)

u(x,t) = a,(t)sin (W) : (8.51)
n=1 a
goodooooobbbboooooooooo
2 ra
an(0) = = / f(z)sin <W> dz, (8.52)
a o a
000G (0)=0000000000000000000000000O00OOOOOOO
d*a,(t) n?m?
dt2 = —C27an(t). (853)
gogd
t
a,(t) = a,(0) cos (cmr ) (8.54)
a
gd

(1)[0,7]000D00000 for
02u  d%u ou
gu o you 8.55
2 o2 o T (8.55)
000 Dirichlete 0000 O0O0OOoOoQOoQ u($70)ZSinDatu(:C,O):ODDDDDD
(2)[][] cOO0OO0OOOOOOOOOO

u(0,z) = sin ?;—Zx, Ou(0,2) =0 (8.56)
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0000000 wu(t,0)=000,u(t,00=0((¢>0000x=00000z=4000)000000

oo.

00000000000 +¢+000000000000000000O00U0O000O0O0DUOoOOoUOO (oo
obomoooboo

1
¢(x,t) =C E ﬁsinknxsinwnt, (8.57)
n=1

000 k, =nn/LO0w, =ck, 0 c0000000CO00000000000000

g3 Lud: goo.
gbbbuoodgbobboooobbooodn

Lyp(z,t) = Qip(x,1) (8.58)

ooooboboooooogoooD L,obobooboooooobobo uoobooogoo
gooboooobbboooobbboooooboood

Ly (t> = (t), (8~59)
Qiba() f1)a (). (8.60)
00000000000 bO000b0DbO000oOoO0o0oDbOo0o0DboOOoOoDoDOOooO

0000000000000 00000000000000000000O0O0O00 (8.58)
gbooboooooboood

Li(pu(a) (1)) = plon(@)[v (2, 1)), (8.61)

61



000 ¢ (x) 0000 QUOO0D0 (Quu(x) = pup,(x)) 00000000

(pu@) ) = [ dep,@)i(a,b) (8.62)
OO0000000000 Fourter D OO Fourter 0 OO0 O0O0OO0OO0ODOOOOOODOOO
U(@.1) = Llpa@li(@, )pu(@) (8.63)

In

ooobboboboboboobbobobobobooooobobobboboon
ObOoo0oO0d Fourier 00000 ooooooog

89 OUououood.
gddodoudooodoooooouobooodoooooouonooooouoonoo
gooo

(A)0DO0O00U0O0opoDoooO00U0U0O0DOo0OD (booOoDoDOooOoUOUoOoOoDoOood
00000000000o00oO0)Dooooooooooooo

(B) 0000000000000 0000000000O000O0O00 N.N. Lebedev, 1. P.
Skalskaya and Y. S. Ufliand, Worked Problems in Applied Mathematics (Dover 1965)053 [
godoodooodoooboooooooouoboooooooooooooooonoo
ogoooooon

(C)ooooooooOooooooooo
()ooo0O0O0O0000D0000O0O0O0O0OD0O0O000D0D00OOOODOOOOOOOOO
gbdbouotuotuotuououotuododouodooooouoooouoouoooo
(2) 0000000000000 0000D00000000 FourterDOOOOOOOOOO
(3) 000000000000 00O0OD0O0000R.12000000000000O

.10 bhuoduuobbbooodbbboooob

()OO0 (863) 000000 D0DDODOOOHIbertOOOODODODODODODODOOOO
goo
(2)000QUUOD00O0O0O0O0O0O000U0ODOOO0O0O00O0OOOOOO0D0ODUOOODODODOOO
OO0oO0o0DbooobooooooobboobDoodSturm-LiowilleDODOOOOOODOO
gboboboogobbbuoooobbboooooooo

811 000000000
0000000000

()r-000000000
(2)00000000000000000000000000000000
3)00000

(4)0000000000000000000000
(50000000000000000000Painleve 00

»00000000000000000000000D0000000000 N.N. Lebedev, Special Functions
& Their Applications (Dover, 1965) 00 000000000000 DO0O0OOO
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8.12 Case study of separation of variables: Laplace equation with Dirichlet
condition. The purpose of this entry is to provide a show case with the aid of a fairly
difficult problem. The region is fan-shaped: z € [0, k], ¢ € [0, ¢] and r € [a, b]:

10 0 1 02 0?

(—7?7?) with the boundary condition

iﬂ(ﬁ ¥, O) = fO(Tv 90)7 w<a7 ¥, h) = fh(ra 90)7 (865)
P(r,0,2) = go(r,z), ¥(r,¢,z) = gs(r, 2), (8.66)
@Z)(CL, 9072) - ha(gD,Z ) ¢(b7907z) - hb(907 z) (867)

First we perform the step (C)(1) of 8.9. The separation procedure 1) = R(r)P(¢)Z(z) gives
three distinct eigenvalue problems. The full solution is the superposition of the solutions to
all the following three problems (1)-(3).

(1) With the boundary condition (r, ¢ homogeneous; z inhomogeneous):

¢(T7 2 0) = fO(T’ 90)’ w(ﬂ ¥ h) - fh(T’ 90)7 (868)
W(r,0,z) = 0, ¥(r,p,z)=0, (8.69)
W(a,p,z) = 0, ¥(b,p,z)=0 (8.70)

The separated equations are

L)

d*Z
1 [?R  1dR] m®
= fiinhedl BN = 0. 8.73
Rldﬂ—i_rdr] r? ta ( )

The eigenvalue problems are (8.71) and (8.73) with homogeneous Dirichlet boundary condi-
tions (®(0) = ®(¢) = 0 and R(a) = R(b) = 0). The positivity of a? and m? follows from the
negative definiteness of the operators.’® The solution must have the following form:

= Z (Apadm(ar) + By o N (ar))(Cy, sin mg + D, cos me) (Ep, o sinh az + F,, , cosh az).
(8.74)

Here J,, is the Bessel function (—7?-?7), and N,, is the Neumann function (—7?7). m, C,,
and D,, are fixed by the Dirichlet condition:

D,, =0; C,,sinm¢ + D,, cosm¢ = 0. (8.75)

54 Tntuitively speaking, the eigenfunctions must be oscillatory functions to satisfy the orthogonality con-
dition. “Negative definiteness” of an operator L means (f|L|f) < 0 for any ket |f). The Laplacian A is a
typical example.
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We may choose (), = 1 without any loss of generality. «, A,,, and B,,, are fixed by the
Dirichlet condition

Apadm(aa) + By o Np(aa) = 0, (8.76)
Amadm(@b) + B oNp(ab) = 0. (8.77)

That is, Jp,(aa)Np,(ab) = J,(ab) Ny (aa) fixes a. E and F are determined from the inho-
mogeneous boundary condition (8.70) with the aid of complete orthogonality (—?7?) of the
eigenfunctions constructed above (not easy or almost impossible bu hand for general a and
b).

(2) With the boundary condition (r, z homogeneous; ¢ inhomogeneous)

Y(r,9,0) = 0; ¢(a,p,h) =0, (8.78)
P(r,0,2) = go(r,z); Y(r,¢,2) = gs(r, 2), (8.79)
Y(a,p,z) = 0; (b, p,2)=0. (8.80)

The separated equations are

d>® 9
— = m°P, (8.81)
dp
R
1 [d*>R 1dR m? 9
- z - = 0. 8.83
R[dr2+rdrl+r2 @ ( )

Here the positivity of a? is obvious from the condition that (8.82) becomes an eigenvalue
problem (it is is not elementary to see this —?? Discussion (B)). m? also must be positive
so that (8.83) becomes an eigenvalue problem. Hence, we may assume

IS Z moaLim(ar) + By, o Kim(ar))(Cy, sinh me + D, coshme)(E, sinaz + F, cos az),

(8.84)
where I and K are modified Bessel functions (—7?7). Here «, E, and F, are fixed by the
Dirichlet condition

F,=0; E,sinah + F,cosah = 0. (8.85)

E, =1 is admissible. m, A,, , and B,, o are determined by the boundary conditions

Apolim(aa) + By o Kim(aa) = 0, (8.86)
Aoy (@) + ByoKim(ab) = 0. (8.87)

That is, i (aa) K (ab) = Ly (ab) Ky, (aa) determines m. C and D are determined from
the inhomogeneous boundary condition (8.79) with the aid of complete orthogonality of the
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eigenfunctions constructed above.?

(3) With the boundary condition (¢, z homogeneous; r inhomogeneous)

¢(T’¢’O) = 0, ¢<T7¢’h)

=0,

?ﬁ(TaO?Z) = 0, ,1/)(7‘,@5,2):07
w(a>§072> = ha((P,Z), w(b79072):hb<9072)'

The separated equations are®®

R

dr?2 ' rdr

1 [dQR 1 dR]

m

r2

P
dp
*Z
dz?

2

= —m?®,
= —a?Z,

= 0.

(8.88)
(8.89)
(8.90)

(8.91)

(8.92)

(8.93)

The eigenvalue problems are easy ones: (8.91) and (8.92) with homogeneous Dirichlet con-

ditions. We may thus assume

) = Z(Am,afm(Oﬂ") + B o K (o) ) (Cy sin mb + D, cos mB) (E,, sin az+ F, cos az). (8.94)

Here, I, and K, are modified Bessel functions (—77).

boundary condition (8.90).

8.13 Remarks to 8.12.

A and B must be fixed from the

(1) If the region in the z-direction is not bounded, we need Fourier transformations; if the
region is not bounded in the r-direction, we need the Fourier-Bessel(-Dini) transformation

(—7?7?).

(2) The boundary condition in the ¢ direction may be periodic.

(3) The Neumann condition case is analogous.

55 This problem is nontrivial, since we need modified Bessel functions of imaginary order. See N. N.
Lebedev, Special Functions & Their Applications (Dover 1972) Section 6.5.
56 Tn this case obviously m? and o must be non-negative.
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9 Ubgbogd

9.1 U ooggag.
00000000 Laplacian O (—5.10)

A=-"rt =1, 9.1)

oogd
1 0 . 0 1 o2

pr— —_— - . e '2
5000080 T snZo 0,2 (92)
000 u(r,0,9) =R(r)Y(0,)0O0DODO0OODODOO,
d? R(r)
* — 1= .
SR =+ 1)——, (9.3)

OO00000L0000000 LaplaceD D O0OO0O0O0O0ODOODOOODOOOODOODO

9.2 0000000O0.
000 Y(6,¢)=00)0(p) 0000 -00000000000000000006000
0000000000000000 (cf 8.12)00000

d*®

goo

1 d de m?

— | sinf— (l+1)— © =0. 9.6
sin 6 d6 (Sm d9> + <( +1) sin29> (9:6)
9.3 Legendre [ [ .
O00z=cosf00000O0O0O(9.6)0

d 2, dO m? _
m(“‘x%m>+GU+”_1—ﬁ>@_Q (9.7)

0000000 (O00) Legendre 0 0 O (modified Legendre’s equation) 0 0 00 0O O

94 m=0000.m=000 Legendred 0 OO

il“_x%§ﬂ+JU+”@:0’ (9.8
ogooog
O — AP(x) + BQy(x), (9.9)
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O0D0000D00 RODOD QUOO0D0DODOO0O0O0O0ODODODO Legendre0O0OO0G0ODODODO
Mathematica 0 O LegendreP[l x| 0 F(x) 00000000

Plot[LegendreP[l,x], {x, -1, 1}]

D0D00D00000 (0000000000000 M LegendreQ[lx] 0 Qi(z) D000 0Q,
rx=£1000000000000000O0O0O0DODODO0ODODODOB=00bDbO0ODO
O0PR0x=-10010000000000000000000O P, (n € NO Legendre [
00)0000000000000000000/ODO00000O000OOODOO (DOOO
O00000oooooooono)d

9.5 m#£0000.
Z(x)000D0O0O000000

0= (1—2>)™?Z(x), (9.10)
(9.7)0
d2Z dz
— == - DNe— — NZ=0. 11
(1 x>dx2 2(m + )xdx—k(n m)(n+m+1)Z =0 (9.11)
0000000000 (9.7 0mO00000000000000 (9.7)00000
Pm@):(l—x%mﬂfﬁJ%@g Qmug:(1—x%mﬂfﬁiQ4xy (9.12)
n dz™ T dz™

O000o0oooooooboobonD RO, 000000000000 :x=10000
Oooooobooo probooboboboooboo

0 MathematicaO O OO0 P™(x) O

LegendreP[n,m x|

goooooon

9.6 Legendre O 0 O .(associate Legendre functions)
OO0mUOdOoOo0O PrODO0ODOOODOO

Plz) = (1-2H)Y2=sind, (9.13)
Pl(z) = 3(1—2%)"%z =3sinfcosh = 2sin 9, (9.14)
P}(x) = 3@——x%zz3shﬁ€2(l——am26) (9.15)
Pl(z) = ;Lﬂﬂmﬁﬁ—nzgmw+wmw% (9.16)
P2x) = 15(1— %)z = 145((3059 _ cos36), (9.17)

15
Pi(z) = wﬂ—nﬂw%:wQQOZZ%%me—ﬂn%L

etc. 00000z = cosfl
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9.7 Legendre 1 D O OO0 OO OO,

! (+m) 2
P ()P (z)dw = S 1
[ @R @) = s (9.19)
00 l>m k>mO0000000
! d™ Py d™P
fim) = /1(1—x2)m d:ﬂmk dxmldx (9.20)
Ldm=1p, d d™P,
_ —:/1CMm_fdx(U—ﬂfﬁndWJ>dx. (9.21)
D0mOm—-100n010 (9.11) 00000000 (1-22)™ 00000
m m—1
Z%Q—x%mi;?=—a+mqun+na—xaw4%55?. (9.22)
0oo (9.21) O
|
fm)=(l+m)(l-m+1)f(m—-1)=---= (H—m)'f(o). (9.23)

(I—m)!
F(0)=2/(21+1)000000000000000

9.8 0O 0O0O0ODO .(spherical harmonics).
000000 Ly(Se,sind) (Se0 0000000000 OO0DOODOOO)O0O0O00O0OOOO
00000000000000000000000 {|i,m)}O

(0,0ll,m) = Y™(0,9)

iy 120420 — m])! 1
I+ (=1)my/2 plml 0 ime
( ) \J 9 (l+|m|)‘ l (COS )\/%6 )
(9.24)
000000 |6,¢) 0
27 T
/ d¢/cwm¢ﬁmﬂw#4zx (9.25)
0 0
HNERERE
(0,010, ") = 0(0 — 0')é(¢ — )/ sin . (9.26)
29 0000000 OooOOoOoon.
ooooo
[e's) l
1=> > [lm){l,m| (9.27)
=0 m=—1
ooooon
<l,m|l',m'> = (5u/(5m,m/. (928)
oooooooooood
5 9 _ 9/ 5 0 — s0/ 00 l . -
W00 =2) _ 5 5 (0. V702 (9.29)

sin 6 ==
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000 2
/ do [ dpsin 070, 0) Y (0, 0) = 6106m - (9.30)
0 0

gooo

9.10 0000. 000000 -A’L?0000000000000 ILm)0D000000O0O
000D .-000b000b0o00b M,0DO0obooboobooo

(GR)?LIL,m) = R+ 1)|l,m), (9.31)
M.|l;m) = m|l,m).
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10 ODOoooooogod

10.1 OOOO0O.
102000000000 Q=Ix[0,7/0000000

Up = Ugy (10.1)

0000000000« 000000000 (parabolic boundary) T = 1 x [0, T]UT x {0}
0000000000000 700 |»00000000000000
[00jp0wdO0O00OTO0DOO0OOOOOO

v=re"t(u—p). (10.2)

D000v0 9 000000000000

Vi U= Vg (10.3)
T pooroo v<00I°x(0,7T]00v< 0000000000000 0O00OOOOOOOwOOOO
v=wvg>00 (zg,t0) € Q0000000000 O00D0O0OO0 v, <000 v, =000000 (10.3)0
vo 0000000000 00000O0ODt+=TO0000O0DOODO0O00 v 200, <0000 v<0O
() 00000 ¢00O000O000000oOOoOoOOOo0o0ooooooo
(2) 0000000000000 C0OC0OOODOO0O0OO0D0D0O0OODOODOOOOOOOOO
goooooodgod

go.
coooooooooboooooboobooooo?

10.2 00O (well-posedness in the sense of Hadamard).”®
goouoobbibooooooobbbuoooooobbbuoboooooobbuoboooa
guodoooooobobobbbboooooooouoboboobbobbooooon
00000000 (HaddamardOO OO ) OO (well-posed) 000 000000000000
gogd

(1) 0000000000

gdd

(2)00000000000O0ODOOOO
0000000000000 00 (ill-pesed) 00O O 0OO%

10.3 Dirichlet 0D 000000 O0O0OOO0OOO0ODOOODOO
gbbbuoogbobbboooobbbuoogobobboood

T A°000 ADOO (open kernel).

58 Jacque Salomon Hadamard, 1865-1963. 00 000000000000 J. Hadamard, The Psychology
of Invention in the Mathematical Field (Dover, 1945) 00000000
¥OOo0O0D0O00000000000000000000 (not overdetermined) 000000000000
000000000000 00000O0000 (no underdetermined) 000000000
0pD0O00000(R)I0D00000000000000000000000000000000000
oo0ooopoooooooooooo
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00)lwOuw,000DO00ODO00D0000000000uw=w —uw, 0000000000000O00O0O0O0O0OO
o obooobbotob«wbOo0bO00O0ObO00DbO000D —wO000000000000000u; =ud
obooooobOobOobooboobOoooooboobOob0obob0 wbOobOobO wwOooOooooooog
000000000000 |y —we|000000000000000000O0O0O0OOOO0OOOO0OOOOO
goooboooboo

104 0000000 DODOO . (preservation of order) u; 0 upy 0 10100000 QOOOO0
O000000000000000000 (—10.1) u; <w 0000w <u 0 Q0000
U0 Dbl w<watt=0000000000000000000000000O
gbbobuoooobbbuoodobbbboooobbbuoooobbob

10.5 0000000,
00000000000000000000000 ¢=0 (e, T(x,0) = d(x)):

1
T(x,t) = ———ge /% (10.4)
Vart

007 =ATO00000D00000O0+«00000D00D0 0000000000 T(2,t)>0
goboobbooboobbbooobobooobbooobbooobooobboon
gobbbO bbbobootbodooooooobbbbbbodoooooooobbbobb
goboboboooooobobbobbodooooobobbooooobboboooooon
gboboboooobbbooobboboooobbobuoooooboon

10.6 Maxwell-Cattaneo D0 0. 0000000000000 0O000O00O0O00
gbbboooobbbuoooobbbuoooobbooooon

T  OT

— + — = D7 AT 10.5

“or T T Preh (105)
000 c000000000000000000 Mazwell-Cattaneo 0 0 O (Maxwell-Cattaneo
equation) 00000000 ODO0O0O0000OODOOOOOOOO0O0OO0OOODOOOOOO
goboboogaooboood

61 ¢f. Compt. Rend. 247, 431 (1958).
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11 Laplace0 0O QOOO0OOOO

11.1 Laplace0 OO QOO QOOO.
Laplace 000000000 (harmonic function) 00 0000000000000 O0O0OO
Oo0oo0O0oooopoooooOo0OooooooocooOoooooooDooobo

11.2 Green O O (Green’s formula)
DCR'O00O0O0O00«wO0v0DOOODOOC:-000000000000000000
gooo

/(vAu+g7’adu-gradv)dT:/ vgradu - dS, (11.1)
D oD

/(UAu—uAU)dT:/a (vgradu —ugradv) - dS. (11.2)
D D

11.3 00000 (Spherical mean-value theorem)
wOO00DCR'O000O0O0OO0OOB,(x)000 200000 B.(x)cDOOOODODOO

gooo
1

u() = g7 Loy M) (11.3)

000 do(y) =1dS(y)|000000008,.1(r)0 (n—1)00000-00000% 00

gga

000 Laplace OO DO0ODODO0OOODODOOODOODOOOO
OO0Jov(y)=1/lz—y/" 2 (n>2)000njz—y| (n=2)0 (11.2) 0000 D= B,(z)\ Be(z) (r >¢€) 0
D00% v0000000000 R*\{z}0000(y)0 DOOOO0OOO00O (11.2)00000000
0000 0B (x)00000000O0OOOO

v 1-n
= (2—n)r—". (11.4)
wy) O v(y) 0 DOODOOOOD (11.2) O

0 = /aD(vanu — udpv)do(y)

= / (VO u — udpv)do (y) — / (VO u — udpv)do (y). (11.5)
9B, (z)

9B.(x)

(11.4)0 (7.21) 00000 0000000000000

=—(2—n)|rt " udo —eln udo .
0=—(2 >[ /B R0 /a R <y>], (11.6)

good

e—0

im €'~ = r)u(x). .
lim e /(’)BE(:L’) udo(y) = Sp—1(r)u(x) (11.7)

gobbooogbbobogd

62 8, 1(r) = 202" =1 )T (n/2).
63 A\BO ADU0DODOO0 BOOOOOOOOOOOOO0A\B = {z|z € A,z ¢ B}O
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11.4 00 000000000
w000 DpPO000000000 000 11.30000r>00 20000 B.(z)C DO
00000000w0 ¢*0DpDO00000000000 o8

11.5 00000 (maximum principle).
DOO0D0DOw0D0000000000sup,pulz)=A<oo0000000uzAD

Vee DOOOOOOOOOVexe DO u(z) < ADO
gudddoootu 3o bbobbuobbbbboooooooooaa
00000o0ooooOooOo0O0O0OO0O0 (—101)000000000000000O0O0O0O0O0O
00«0 — 000000000 ooouoooooobbn:
. podgdbbbooub «b0b pOooobobboo pobbooobobboouo bbb
OO0D0O0DoDDOODOODODO
gd

Au=u—u? (11.8)

03000000000 Q0O00000w=000Q0000000000000000 -1<w<10000

11.6 000000 .(strong maximum principle)
QOCR'00000000O0D0«.0000000O0O0D0D00 OO0O0«.000000 MO Q
Jdddddo «0QUOOooooo

goboboooobbboooobobon

11.7 04O 0O.

0000 DOO Laplace 00000000000 DOOOO® 0000000000 0OOOO
gogoggao

O0000000000o0oo0o0oo0ooooooo (—10.3)0

D0]w 000w 000000000000 000 00000 uwu=u; —u, 000000000 LaplaceO
00000 (—11.5)0 «0 00000000000000 — 0000000w =w0 000000000
0000000000000 00000000000000000 w10we 000000000000 |uy — us
obooobobooooobooog

11.8 JUuogooo.
gbobuogooogbbogdbogobbooboobooobboobboooobboob
goobogd

O00. Laplace 0000000000 OOODO% O

640000000 Folland p91 (2.5) 0000
% 0000000000000000000000
600000 Taylr 0000000000000000
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go.
fO000000 Au= 000000000 (Courant-Hilbert)O

11.9 00 0O .(comparison theorem)
vO0v000D00QUDOD0D00000DO0O00O0DMODO0DOw>v0000 QOO0
u>oUOUOuoooo

11.10 LiouvilleO O 0% (Liouville’s theorem)
O00«w0000000000000000000O00o00O00O¢

67 Joseph Liouville, 1809-1882.
68 Folland p94 (2.11).
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12 OO00ooooogod

12.1 JOOgOooooooooo.

D’Alembert 00 «0 20¢t00000000 [zx—ct,x+ct]00000000O0O0O0O0O O
0000000000 000000000¢0oooo0oooootooon [¢—ct, ¢ +ct
goooogooood

12.2 0000 Ooog
0000000 (energy integral)

E(t):;/ol{<((§;>2+02 (gg)Q} (12.1)

gbobboooobbboooboboboooobobuoooobboooan

12.3 00000,
00000000 v0000000000000000000 v(z,t)=00 Dx (0,400
000000000000 0000000000000000000000000000
0000000 dw(z,t) =dw(x,t)=00000000000000 v=00

12.4 000,
00000000000000000 u(z,0) = fi(z)0du(z,0) = g(z)in R (i =1,2)00
0000000000 0000 D'Alembert 0000000

|u1(xvt) - u2(xat)| < ||f1 - f2||maz + |t‘ Hgl - g2||mar (12'2)

gbbboooobbbuoooobbodo

125 300000000 HuygensU U 0.
gboboogooobooogooboon

Ofu = c*Au (12.3)
googo
u= f(x),0u = g(x) for t = 0. (12.4)
goooooooooooad
(0.0)= o) + o ([ fwydot). (125
" B 4dmc?t \y—z\:ct‘g yIeey ot \ 4mwc2t ly—z|=ct y1aoy ‘ .

000 HuygensO OO (Huygens’ principle) 000 0000000000000 O0O0O0O0O
ooooo
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ogd.
ooooooooo

0000 u=2a%2+y?+220u=2000000
OO0000000000D000 OQu=q0 GreeenOJOOOO0OOODOO0OOODOOODOODOOODOOO

12.6 000000 [Poisson].(method of spherical means)

- 471T2 /yll Ma +ry)do(y). (127)

000000000 AD C?000000000000000M,0 00000000
Gauss UO0OOO0O0O0O OO Darbouz0 00O (Darboux’s equation) 000000
02 +28
or?  ror

Mh<$, 7’)

) Mh(CL',T’) = AMh(w,r). (128)

000 AD 200000000 Lalplace000000000 (123)0000000000
goo

—(rM,) = c*—(rM,), (12.9)
ooo M, 0x0r0¢t000 Mu(w,r,t)DDDDDDDDDDDDDDDDDD
M, = My, oM, =M, fort=0. (12.10)

M,(z,0,t) =u(x,t) D000 (129)0000000000000O0O0O
1 1 r+ct

rM,(x,rt) = 5[(r+ct)]\/[f(:c,r—l—ct)—l—(r—ct)Mf(w,r—ct)]—l——/ yM,(x,y)dy. (12.11)
C Jr—ct

M,OO0O M, O0r-r0000000000O0O000000O0O0O0CO0O

M, (x,rt) =

(ct +r)Ms(x,ct +7) — (ct —r)Mp(x,ct —7) 1 /Ct”

— M .
5 o yMgy(z,y)dy

(12.12)
000r—00000000 (VHospital 100 000)00000000 (1250000

t—r

12.7 O 0O.
(125)0 « 0000000000000 0O0O0OO0O0OOOOOOO0ODOODOOOOOOOO
OO000D00 OD0000 focusing effect 0000000 0OOOOOOOOOODOODOO
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128 JU00OO0OO0OOOOOO0OOLOOOOO

gobboooobbboooobboao

gbbobuoogobbboooobbob

00000000000 (—10.5)0

000000000 NewtonOOOOOUODOOOODODOOODO Newton-LaplaceO O OO OO
00000000000000000000000000000O00000000 (—10.2)0
Garding® 0000000000 ODO0OOO0OO0OOODOOODOOOOOOOOOOOOOOOO
Oo0000oooooooooooong™

69 Garding 0 00000000000 L. Garding, Encounter with Mathematics (Springer, 1977) 0 0 0 O
ood
70 See John, Section 5.2.
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